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Problem setting

Methods for approximating the elpd in LOGO CV

Case study: Item response dataset

Setting: Verbal aggression questionnaire
• 316 participants x 24 items 
• Ordinal response: Each respondent judges whether they would want to or would 

actually curse / scold / shout in four frustrating situations.
• Balanced grouping structure: each participant has 24 observations

Two models: different complexities

Model 1: (btype || id) ⇒ dim 𝜙𝑗 = 3

Model 2: (btype + mode + situ || id) ⇒ dim 𝜙𝑗 = 7

Take away:
Model 1: MC + PSIS is accurate and cheapest – no gradient evaluations required
Model 2: MC + PSIS breaks down; LA + PSIS is the best choice

“A bus fails to stop for me”
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Brute-force

Train hierarchical model on 𝐷−𝑗
via expensive MCMC

𝑝 𝜎, 𝜏 𝐷−1) 𝑝 𝜎, 𝜏 𝐷−2) 𝑝 𝜎, 𝜏 𝐷−3)

This is slow and computationally expensive!
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Importance sampling

Use draws from full posterior 

𝜎 𝑠 , 𝜏 𝑠 ∼ 𝑝 𝜎, 𝜏 𝐷) to approximate 

LOGO posteriors 𝑝 𝜎, 𝜏 𝐷−𝑗)

𝑤𝑗
(𝑠)

∝
𝑝 𝜎 𝑠 , 𝜏 𝑠 𝐷−𝑗)

𝑝 𝜎 𝑠 , 𝜏 𝑠 𝐷)
∝

1

𝑝 𝑦𝑗 𝑥𝑗 , 𝜎
(𝑠), 𝜏(𝑠))

ProposalTarget Resampled 
draws

If 𝑝 𝜎, 𝜏 𝐷) and 𝑝 𝜎, 𝜏 𝐷−𝑗) are too different 

⇒ standard importance sampling fails  
⇒ use Pareto smoothed importance sampling (PSIS)

and moment matching (MM)

This is fast and works for simple posteriors!

Naive Monte Carlo

Draw samples from prior 𝜙𝑗
(𝑟)

∼ 𝑝(𝜙𝑗| 𝜏
𝑠 )

with 𝜎 𝑠 , 𝜏 𝑠 ∼ 𝑝 𝜎, 𝜏 𝐷)

Can be used for importance sampling 
approaches ⇒ MC + PSIS

This is fast but not a good approximation!

Laplace approximation

Use a Gaussian distribution to approximate 
the group-specific marginal likelihood

Ƹ𝑝 𝑦𝑗 𝑥𝑗 , 𝜎
𝑠 , 𝜏 𝑠

=
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Can be combined with PSIS and MM
⇒ LA + PSIS & LA + MM

This is a good approx., especially for Gaussians!

Bridge sampling

Ƹ𝑝 𝑦𝑗 𝑥𝑗 , 𝜎
𝑠 , 𝜏 𝑠 =

1
𝑆2
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𝑆2 𝑝 𝑦𝑗 𝑥𝑗 , ෪𝜙𝑗
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𝑟
𝑔 𝜙𝑗

𝑟

Approximate the group-specific marginal likelihood with proposal distribution ෪𝜙𝑗
𝑟
∼ 𝑔 𝜙𝑗

and bridge function ℎ(𝜙𝑗).  Use draws 𝜎 𝑠 , 𝜏 𝑠 ∼ 𝑝 𝜎, 𝜏 𝐷),  𝜙𝑗
(𝑟)

∼ 𝑝(𝜙𝑗|𝑦𝑗 , 𝑥𝑗 , 𝜎
𝑠 , 𝜏 𝑠 ).

Can be combined with PSIS ⇒ BS + PSIS

Requires an extra MCMC run!

This is accurate and robust – but you pay for the extra MCMC!

Are the approximation methods good enough?

• Come from the generalised Pareto 
distribution fitted to the tail of the 
importance weights in PSIS

• ෠𝑘 < 0.7 ⇒ the proposal is close enough 
to the target and the estimate can be 
trusted

• ෠𝑘 ≥ 0.7 ⇒ the weights are too
heavy-tailed; the estimate is unreliable

• Check how close the 

estimated ෣elpd𝑗 are 

to the true values
• The true elpd𝑗 is 

unavailable ⇒
compare against a 
trusted baseline

Pareto ෡𝒌 values ෣elpd𝒋 Computational cost

• Count how often the 
log likelihood and its 
gradient is evaluated

• Gradient evaluations 
are more expensive 
than log likelihood 
evaluations
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𝑦𝑗𝑖 ∼ 𝑝 𝑦𝑗𝑖 𝑥𝑗𝑖 , 𝜙𝑗 , 𝜎

𝜙𝑗 ∼ 𝑝 𝜙𝑗 𝜏

Hierarchical modelObserved grouped data

𝐷 = { 𝑥𝑗𝑖 , 𝑦𝑗𝑖 }

for groups 𝑗 = 1, … ,𝑚

Predictive performance 
for a new group

expected 
log predictive density

elpd = 𝔼( ෤𝑥, ෤𝑦) log 𝑝 ෤𝑦 ෤𝑥, 𝐷)

Estimating the elpd

via 
leave-one-group-out 

cross-validation
LOGO CV

෣elpd =෍
𝑗=1

𝑚

log 𝑝(𝑦𝑗 | 𝑥𝑗 , 𝐷−𝑗)

෤𝑥, ෤𝑦 ∶ observations of an        
unseen group

𝐷−𝑗 ∶ data without group 𝑗

response

𝜏

𝜙𝑗

𝑦𝑗𝑖

𝜎

hyper
parameters

group-specific 
parameters

global
parameters

𝑥𝑗𝑖
covariates

How is 𝑦 influenced by 𝑥1and 𝑥2? How good is my model? How can I estimate the elpd?

true data generating 

distribution unknown
෣elpd𝑗 has to be 

estimated

What are the challenges?

෣elpd𝑗 = log𝑝 𝑦𝑗 𝑥𝑗 , 𝐷−𝑗)

= log∫ ∫ 𝑝( 𝑦𝑗|𝑥𝑗 , 𝜙𝑗 , 𝜎) 𝑝(𝜙𝑗 𝜏

𝑝 𝜎, 𝜏 𝐷−𝑗) 𝑑𝜙𝑗 𝑑(𝜎, 𝜏)

Challenge 1: 
Obtaining draws from 𝑝 𝜎, 𝜏 𝐷−𝑗)

Challenge 2:
Integration of the group-specific parameter 𝜙𝑗

Approximating the elpd
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