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Abstract
Finite mixtures are a broad class of models useful in scenarios where observed data is generated by multiple distinct processes
but without explicit information about the responsible process for each data point. Estimating Bayesian mixture models is
computationally challenging due to issues such as high-dimensional posterior inference and label switching. Furthermore,
traditionalmethods such asMCMCare applicable only if the likelihoods for eachmixture component are analytically tractable.
Amortized Bayesian Inference (ABI) is a simulation-based framework for estimating Bayesian models using generative
neural networks. This allows the fitting of models without explicit likelihoods, and provides fast inference. ABI is therefore
an attractive framework for estimating mixture models. This paper introduces a novel extension of ABI tailored to mixture
models. We factorize the posterior into a distribution of the parameters and a distribution of (categorical) mixture indicators,
which allows us to use a combination of generative neural networks for parameter inference, and classification networks for
mixturemembership identification. The proposed framework accommodates both independent and dependentmixturemodels,
enabling filtering and smoothing. We validate and demonstrate our approach through synthetic and real-world datasets.

Keywords Finite Mixture Models · Bayesian inference · Simulation based inference · Amortized inference

1 Introduction

Fast and accurate estimation of statistical quantities is an
ongoing problem in statistical research (Cranmer et al. 2020;
Hermans et al. 2022; Papamakarios and Murray 2016). One
major difficulty ariseswhen the observed data is generated by
multiple distinct processes, but the specific process respon-
sible for each data point is unknown. Mixture models are
commonly used to address this issue (McLachlan and Bas-
ford 1988; Frühwirth-Schnatter 2006; Zucchini et al. 2016;
Visser and Speekenbrink 2022; Scrucca et al. 2023).

Although mixture models have been useful across a wide
range applications (e.g., Schaaf et al. 2019; Zavadskiy et al.
2024; Kucharský, v., Tran, N.- H., Veldkamp, K., Raijmak-
ers, M., Visser, I. 2021; Hadj-Amar et al. 2023, to name a
few), estimating mixture models can be challenging for sev-
eral reasons. In practice, the most relevant obstacles are: (1)
obtaining full Bayesian inference for mixtures can be com-
putationally demanding, (2) fitting Bayesian mixtures using
standard methods (such as MCMC) requires the model like-
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lihood to be analytically tractable, and (3) label switching
issues, where the likelihood is invariant to permutations of
mixture component labels, whichmakes themodel identified
only up to the permutation of the labels.

Given these challenges, there is a need for methods that
can perform fast and accurate inference for mixture mod-
els while removing limitations of traditional methods. A
promising candidate for resolving these issues is Amortized
Bayesian Inference (ABI, Gershman and Goodman 2014;
Radev et al. 2022; Ritchie et al. 2016; Papamakarios and
Murray 2016), which offers fast approximation of the pos-
terior distributions even for models that are otherwise not
analytically tractable. However, these methods have yet to be
fully adapted to handle mixture models, in particular, when
we desire estimating the parameters of the mixture model
and the categorical latent mixture indicators as a joint prob-
ability distribution. This gap motivates the development of a
new approach that uses modern deep learning techniques to
enable scalable ABI for mixture models.

Our work provides the following contributions:

• Wedevelop a deep learning architecture that takes advan-
tage of a factorizationofmixturemodelswhere parameter
posteriors can be estimated directly from data, and mix-

0123456789().: V,-vol 123

http://crossmark.crossref.org/dialog/?doi=10.1007/s11222-026-10911-y&domain=pdf
http://orcid.org/0000-0003-4192-1140
http://orcid.org/0000-0001-5765-8995


  162 Page 2 of 27 Statistics and Computing           (2026) 36:162 

turemembership classification is estimated based on data
and the parameter estimates. This allows full Bayesian
inference providing the joint posterior distribution of all
quantities of interest.

• The implementation is amortized, meaning that the
inference is considerably faster than traditional – non-
amortized – methods, such as MCMC or other Approxi-
mate Bayesian Computation methods.

• The amortized mixture implementation extends amor-
tized posterior estimation, which is typically limited to
continuous quantities, with the amortized estimation of
categorical latent variables with bounded cardinality.

• The proposed framework is able to handle independent
mixturemodels aswell as dependentmixtures. In the case
of dependent mixtures, our method is able to perform
both filtering: inferring the latent state at each time given
observations up to that time, and smoothing: inferring
latent states using the full sequence of observations.

• We validate our method on a battery of toy and real world
examples.Where possible, we compare our results to that
of Stan (Carpenter et al. 2017) as a gold standard for
MCMC estimation.

• The method is implemented in a Python (Rossum and
Drake 2010) library BayesFlow (Radev et al. 2022)
that provides user-friendly interface for ABI.

The article is organized as follows. Section 2 describes
the methods used and developed in this article. Section 2.1
explains Bayesian mixture models and describes challenges
when fitting them with traditional methods. Section 2.2 and
Section 2.3 provide a primer explaining existing methods
for simulation-based amortized inference that our approach
is built upon. Section 2.4 describes methods developed in
this article that implement amortized estimation of mix-
ture models, and Section 2.5 discusses possible alternative
approaches. Section 3 presents applications of our method
in three case studies - two simple toy examples to showcase
how the approachworks for independent and dependent mix-
tures, and one empirical study that showcases inferences on
real data. We summarize our work in Section 4.

2 Methods

In this section, we introduce our proposed ABI framework
for Bayesian mixture models. First, we will define Bayesian
mixture models and highlight challenges that arise when fit-
ting them with traditional, non-amortized methods. Second,
we will explain the general idea behind simulation based
inference and ABI. Then, we will explain how ABI can be
extended to provide amortized inference for mixture models.

2.1 Bayesianmixture models

We define Bayesian mixture models as a joint distribution
p(y, z, θ): y ∈ Y represents all relevant observable vari-
ables, whereas z ∈ N and θ ∈ R represent typically latent
(unobservable) quantities; z represents the latent mixture
indicators, while θ represents parameters of the mixture
model: the mixture weights as well as parameters required
by all mixture components. We focus on situations where the
model is assumed (or known) to consist of a mixture of K
populations (or processes), each with their own model p(yi |
zi , θ) for the observable data y1,...,N , each associated with a
latent mixture membership indicator z1,...,N ∈ {1, . . . , K }.

We assume that a generative model can be created by
factorizing the joint distribution of the mixture model into
a prior p(z, θ) and a likelihood p(y | z, θ): p(y, z, θ) =
p(z, θ)p(y | z, θ). Further, we assume that it is possible to
obtain random samples of z(s) and θ(s) from the prior, and it
is possible to obtain random samples of synthetic data y(s)

from the likelihood, conditionally on z(s) and θ(s). The gen-
erative model can be therefore implemented as a computer
programwhich samples the triple (z(s), θ (s), y(s)) as follows:

z(s), θ (s) ∼ p(z, θ)

y(s) ∼ p(y | z(s), θ (s)).
(1)

Typically, most mixture models used in practice can be
cast as a special case of this factorization:

θ(s) ∼ p(θ)

z(s) ∼ p(z | θ(s))

y(s) ∼ p(y | z(s), θ (s)).

(2)

The aim of Bayesian analysis is to estimate the joint pos-
terior of all unobserved variables, p(θ, z | y). This joint
posterior is notoriously too complex to calculate analytically
(Diebolt and Robert 1994). Thus, approximation methods
are typically needed to estimate the posterior distribution
(Frühwirth-Schnatter 2001; Marin et al. 2005).

The estimation of Bayesian mixture models is generally
achieved using one of two common approaches, somewhat
analogically to using “classification” vs. “mixture” likeli-
hoods for fitting mixture models with maximum likelihood
estimation (Mclachlan 1982; Ganesalingam 1989).

Conceptually, the first approach samples from the joint
posterior of the model parameters θ and latent indicators z
directly:

p(θ, z | y) ∝ p(θ)

N∏

i=1

p(zi | θ)p(yi | zi , θ). (3)
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Such approach is typically implemented using MCMC with
Gibbs sampling or its extensions (Diebolt and Robert 1994;
Marin et al. 2005; Celeux et al. 2000). The obvious com-
putational obstacle is that given a set of N data points each
generated from one of K processes, there is K N possible
mixture membership permutations and it may be extremely
difficult to sample from this distribution (Marin et al. 2005).
The MCMC sampler may venture into a set of “trapping
states” from which it may take an enormous number of steps
to escape from (Marin et al. 2005; Diebolt and Robert 1994;
Celeux et al. 2000). Although sampling from the full joint
distribution is feasible for relatively small sample sizes and
number ofmixture components usingMCMCsamplers, such
approach tends to scale badlywith increasing sample size and
with more mixture components.

Probabilistic programming languages such as Stan (Car-
penter et al. 2017) do not allow such implementation in the
first place, because gradient-based sampling methods like
Hamiltonian Monte Carlo require continuous variables for
evaluating the gradients. As such, using discrete parame-
ters directly in the MCMC is not allowed. Instead, models
with discrete parameters must be handled with alternative
approaches. The most common alternative is to factorize the
joint posterior as p(θ, z | y) = p(θ | y)p(z | θ, y); first we
sample from the posterior distribution of θ with z marginal-
ized out,

p(θ | y) ∝ p(θ)

N∏

i=1

p(yi | θ), (4)

where p(yi | θ) = ∑K
k=1 p(zi = k | θ)p(yi | zi = k, θ)

is the likelihood of the observations with the mixture indi-
cators being marginalized out. Subsequently, the distribution
of p(z | θ, y) can be fully determined conditionally on the
parameters θ and observations y:

p(zi | yi , θ) = p(zi | θ)p(yi | zi , θ)

p(yi | θ)
. (5)

Both factorizations described above are valid only if the latent
indicators are independent and observations are condition-
ally independent given latent indicators (i.e., in the case of
exchangeable data). In many cases, this assumption is not
satisfied. For example, in hidden Markov models (HMMs;
Rabiner 1989), the observables are indeed independent con-
ditionally on the latent indicators, but the latent indicators
themselves form a Markov chain: the probability of the cur-
rent state depends on the previous state(s). Other types of
mixture models might exhibit other kinds of dependencies
between observables or states – depending on the exact nature
of these dependencies, other forms of factorizations might
be possible (for examples, see May et al. 2024; Samé 2020;
Ambroise et al. 1997; Hadj-Amar et al. 2023).

In any case, estimating mixture parameters and mix-
ture memberships requires evaluating the likelihood density.
As a result, the likelihood has to be analytically tractable
under each mixture component for applicability of the above
described density-based approaches.

2.2 Simulation-Based Inference

Statistical inference requires specifying the likelihood func-
tion p(y | θ) that describes the link between parameters
and data. However, scientific models are often formulated
only as a simulation program that may render the likelihood
analytically intractable (Cranmer et al. 2020), for example,
because the model involves differential equations without
analytical solutions, or other complex generative procedures
(e.g., Radev et al. 2022; Brehmer 2021; Lueckmann et al.
2021; Boelts et al. 2022).

The Bayesian model is then available only as a probabilis-
tic generative model of the triple of the prior p(θ) for model
parameters θ , a stochastic model p(ν | θ) for nuisance vari-
ables (i.e., noise) ν, and a simulation program g : (θ, ν) → y
that generates synthetic data y. The complete forward model
can be defined as

y = g(θ, ν) with ν ∼ p(ν | θ), θ ∼ p(θ). (6)

We can sample from this stochastic model repeatedly to
obtain the pairs of data-generating parameters θ along with
the observable data y. The likelihood is implicitly defined as
an integral over all possible execution paths of the generative
model (represented by the stochastic variables ν),

p(y | θ) =
∫

p(y, ν | θ)dν, (7)

even though the analytic solution to that integral may be
unknown and therefore an explicit analytic form of the like-
lihood p(y | θ) unavailable (Cranmer et al. 2020).

Estimating statistical models with intractable likelihoods
is commonly referred to as likelihood-free inference, even
though as presented in Equation 7, the likelihood function
exists, albeit it may be implicit. A more apt designation of
inference without explicit analytic likelihoods is simulation-
based inference (SBI, Cranmer et al. 2020), since these
approaches rely on using (often extensive) Monte Carlo sim-
ulations from the generative model to perform inference on
the model parameters.

A downside of SBI methods is computational complex-
ity. When the likelihood is tractable, density-based methods
(e.g., MCMC) are often preferred over SBI, because using
the likelihood directly typically requires less computational
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resources to achieve comparable accuracy (Schmitt et al.
2024c; Zeghal et al. 2022; Brehmer et al. 2020).

2.3 Amortized Bayesian Inference

Computational complexity remains a significant challenge
for methods that approximate posterior distributions (Papa-
makarios and Murray 2016). When posterior inference must
be performed repeatedly, such as when applying a model to
multiple datasets or during model evaluation procedures like
simulation-based calibration (Talts et al. 2018) and cross-
validation (see e.g., Vehtari et al. 2017; Bürkner et al. 2020),
the cost of standard SBImethods but alsoMCMCcan quickly
become prohibitive. In such cases, standard methods may be
computationally infeasible and thus impractical.

Amortized Bayesian Inference (Gershman and Goodman
2014; Ritchie et al. 2016; Radev et al. 2022; Papamakar-
ios and Murray 2016; Gonçalves et al. 2020) is a solution
to both the problem of implicit likelihoods, and the prob-
lem of computational demands for inference. ABI divides
model fitting into two distinct stages. In the first — train-
ing — stage, neural networks learn the posterior based on
simulated data from the generative model. In the second —
inference — stage, given any observed data yobs, samples
from the posterior distribution are simply obtained by gen-
erating samples from the trained inference network. Most of
the computational resources are expended during the train-
ing stage, allowing us to amortize (pay upfront) the cost of
inference, making subsequent fitting of the model during the
inference stage substantially more effective.

Using neural networks to approximate posterior distribu-
tions is often referred to as neural posterior estimation (NPE).
In this approach, the target posterior p(θ | y) is represented
by a surrogate density qφ(θ | y), parametrized by a set of
learnable network weights φ of an inference network fφ .
Such network is often implemented as a normalizing flow
(Rezende 2015; Dinh et al. 2016; Kobyzev et al. 2020; Papa-
makarios et al. 2021). Other ML generative models, such
as diffusion models (Sharrock et al. 2024), flow matching
(Lipman et al. 2022; Dax et al. 2023), consistency models
(Schmitt et al. 2024c), and others, can be used for this pur-
pose, and would be compatible with the methods developed
in this article. Given that normalizing flows have demon-
strated strong performance across various disciplines (e.g.,
von Krause et al. 2022; Schumacher et al. 2024; Schumacher
and Bürkner, P.- C., Voss, A., Köthe, U., Radev, S.T. 2023),
we focus on normalizing flows as one example of NPE.

Normalizing flows (Kobyzev et al. 2020; Dinh et al. 2016;
Rezende 2015) are implemented using conditional invert-
ible neural networks (CINNs, Ardizzone et al. 2019). The
flow serves as a learnable transformation fφ between the
posterior (target) distribution and a base distribution, con-
ditioned on the data. The transformation fφ transforms the

(potentially intractable) target distribution into this base dis-
tribution. The base distribution is typically chosen to be
simple and tractable, for which both density evaluation and
sampling are easy and efficient, e.g., the Gaussian. Hence
the name “normalizing flow”: fφ normalizes the potentially
intractable target distribution to a multivariate Gaussian; if
θ ∼ qφ(θ | y), then ξ = fφ(θ; y) ∼ MvN(0, I).

To sample from the target distribution, we start with the
base distribution and reverse the transformation. We first
obtain S samples from the base distribution (ξ (1), ξ (2), . . . ,

ξ (S)). Then, we pass these samples through the transforma-
tion inverse f −1

φ ,

θ(s) = f −1
φ

(
ξ (s); y) for s ∈ {1, . . . , S}. (8)

Alternatively to sampling, the target density for some point
θ is available by evaluating the corresponding density of the
base distribution at the point ξ = fφ

(
θ; y

)
, adjusted for the

transformation fφ via the change-of-variables formula,

qφ

(
θ | y) = pbase

(
ξ = fφ

(
θ; y

))
∣∣∣∣∣det

∂ fφ
(
θ; y)

∂θ

∣∣∣∣∣ . (9)

Architectures of normalizing flows are specifically designed
such that these operations (forward and inverse transform,
evaluating the Jacobian adjustment) are computationally effi-
cient but at the same time the transform fφ sufficiently
expressive (Durkan et al. 2019; Kobyzev et al. 2020; Dinh
et al. 2016; Rezende 2015).

To ensure that the network accurately captures the target
posterior, it is trained to minimize the Kullback-Leibler (KL)
divergence between the approximated posterior qφ(θ | y)
and the true posterior p(θ | y). The optimization objective
of the inference network can therefore be written as,

φ̂ = argmin
φ

E(θ,y)∼p(θ,y)

[
KL

(
p(θ | y) || qφ(θ | y)

)]

∝ argmin
φ

E(θ,y)∼p(θ,y)

[
− log qφ(θ | y)

]

≈ argmin
φ

1

M

M∑

m=1

− log qφ(θ(m) | y(m)).

(10)

The true posterior density p(θ | y) can be dropped from
the equation because it is constant with respect of the learn-
able network weights φ. The expectation is approximated
using a Monte-Carlo estimate over M draws generated from
the Bayesian model (θ(m), y(m)) ∼ p(θ, y). The simu-
lated data y(m) serve as conditioning input to the inference
network, which outputs the corresponding approximate pos-
terior densities qφ(θ(m) | y(m)) according to Eq. 9. The
network weights φ are optimized by minimizing the neg-
ative log-density of the simulated parameters conditionally
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on the simulated data (Eq. 10). Because the network is trained
on simulated parameter-observations pairs (θ(m), y(m)), ABI
falls under the umbrella of SBI.

In addition to the inference network, ABI approaches can
be expanded with summary networks. A summary network
compresses raw data y into summary statistics hψ(y), i.e., a
lower-dimensional representation of the data (embeddings).
This simplifies the task of the inference network that is there-
fore concerned with an inference conditioned on a smaller
number of informative inputs rather than on a (potentially
large) number of individual data points. The architecture of
the summarynetworkneeds to reflect the structure of the data;
for example, permutation invariant networks are suitable to
summarize exchangeable data, recurrent neural networks are
suitable for time-series data, and so forth. These networks
can typically also take input of various size but their output
is of fixed length. This allows theABI amortize over different
designs (e.g., varying sample sizes). The inference and sum-
mary network are trained concurrently using the modified
loss,

φ̂, ψ̂ = argmin
φ,ψ

E(θ,y)∼p(θ,y)

[
− log qφ(θ | hψ(y))

]
. (11)

Given enough capacity of the summary network, the learned
summary statistics are approximately sufficient with regards
to the target of the posterior inference: Using the summary
statistics does not alter the target posterior distribution, if
swapped with the raw data: p(θ | y) = p(θ | h(y))
(Chen et al. 2021; Radev et al. 2022). Optionally, we might
use an additional penalty term that forces the summaries
be distributed according to a specified distribution (e.g., a
Gaussian). This regularizes the summary network and allows
additional model checks, such as detecting simulation gaps
(i.e., when the data used for inference differ significantly
from the data seen during training; Schmitt et al. 2024a).

Once trained, the networks can be used for inference,
that is, for posterior estimation given any observed data set
yobs. First, the data is passed through the trained summary
network to obtain its embedding hψ̂ (yobs). Then, analogi-
cally to Eq 8, sample S draws from the base distribution
(ξ (1), ξ (2), . . . , ξ (S)). The posterior draws (θ(1), θ (2), . . . ,

θ (S)) are obtained via the inverse pass through the inference
network,

θ(s) = f −1
φ̂

(
ξ (s); hψ̂ (yobs)

)
for s ∈ {1, . . . , S}. (12)

Alternatively, the approximate posterior density for any val-
ues of parameters θ is available analogically to Eq. 9,

p(θ | yobs) ≈ qφ̂

(
θ | hψ̂ (yobs)

)

= p

(
ξ = fφ̂

(
θ; hψ̂

(
yobs

))) ∣∣∣∣∣det
∂ fφ̂

(
θ; hψ̂

(
yobs

))

∂θ

∣∣∣∣∣ .

(13)

It is this separation of training and inference that makes ABI
such a promising method. Since sampling from the poste-
rior distribution using ABI only requires generating samples
from the base distribution and passing the data through the
trained networks (Eq. 12), it is relatively fast compared
to non-amortized methods during inference. Often times,
models that take minutes, hours or even days to fit with non-
amortized methods can take as little time as fractions of a
second with amortized methods (Radev et al. 2022; Hermans
et al. 2022). The efficiency of ABI during inference is par-
ticularly helpful in scenarios where data needs to be fit in
real time, when many datasets need to be fit with the same
model (e.g., von Krause et al. 2022), when the same data set
needs to be fit many times (e.g., cross-validation, Bürkner
2017) – sometimes under different assumptions or process-
ing steps (e.g., for sensitivity analysis, Elsemüller et al. 2024),
or for validating the model on a large number of simulations
(e.g., simulation-based calibration, Talts et al. 2018). Inmany
cases, such uses of Bayesian models are borderline unfeasi-
ble with non-amortized methods (Hermans et al. 2022). ABI
makes these procedures within reach in a matter of seconds.
Since at no point during training or inference the model like-
lihood or priors need to be evaluated, this approach is also
applicable in scenarios with analytically intractable likeli-
hoods or priors.

2.4 Neural estimation of Mixture Models

The goal is to estimate the joint posterior of themodel param-
eters and the mixture indicators. In the following, we will
work with the following factorization:

p(θ, {zi } | {yi j }) = p(θ | {yi j })p({zi } | {yi j }, θ). (14)

Here we used the set notation to highlight that the number
of observational units in i = 1, . . . , N and the number of
observations per unit j = 1, . . . , Pi can vary across different
datasets.

Using the factorization above, we separate the problem in
two parts, one of which entails estimating the parameter pos-
terior p(θ | {yi j }) that was already described in Section 2.3.
This posterior contains the distribution of all mixture param-
eters, that is, mixture weights and parameters of all mixture
components. What remains is formulating a neural approxi-
mation of the second term p({zi } | {yi j }, θ), which yields the
distribution of mixture indicators. Since this is essentially a
classification problem, common network architectures, such
as the multilayer perceptron (MLP, Rosenblatt 1958; Baum
1988; Murtagh 1991), are adequate candidate architectures.
However, because the number of observations per unit can
vary, the input of the classification network must be brought
into the same dimensions. For this reason, we introduce
an (optional) summary network hω that creates summary
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embedding for each observational unit {hω(yi )}Ni=1 (similar
to the local summary network used in amortized multilevel
models, Habermann et al. 2024). The task of the local sum-
mary network is to extract relevant information about each
observational unit. The choice of the local summary network
depends on the structure of the data within the units. Inde-
pendent observations within units may be summarized by
permutation-invariant networks such as Deep Sets (Zaheer
et al. 2017) or Set Transformers (Lee et al. 2019). Time-series
or otherwise dependent measures within units might need
to be summarized via networks that take dependencies into
account, e.g., convolutional neural networks (CNNs; Lecun
et al., 1998), recurrent neural networks (RNNs; Elman, 1990;
Hochreiter and Schmidhuber, 1997), Transformers (Vaswani
et al. 2017), and so on.

The exact architecture of the classification network
depends on structure of the data,which dictates how to factor-
ize the joint distribution p(z | y, θ). Some examples of data
structures are shown in Figure 1. In the case of exchangeable
observational units, the joint distribution can be factorized
as p(z | y, θ) = ∏N

i=1 p(zi | yi , θ). This means that the
probability distribution of each mixture indicator zi can be
approximated independently — conditioned on the parame-
ters θ and observation yi —with a classification network as
follows,

p(zi | yi , θ) ≈ qα(zi | yi , θ)

= softmax
(
fα

(
hω(yi ), θ

))
for i ∈ {1, . . . , N }, (15)

here fα stands for a MLP with a series of hidden layers
connected by learnable weights α followed by non-linear
activations, and an output layer with K nodes. The final soft-
max activation converts the output into a set of mutually
exclusive probabilities for each class, essentially implement-
ing soft classification (Wahba 2002; Liu et al. 2011). Soft
classification refers to the calculation of class probabilities
rather than producing classification labels directly, which is
typical for hard categorical classification.

When the observational units are not exchangeable (e.g.,
ordered time series, spatial data), the joint distribution p(z |
y, θ)may not be factorized easily due to dependencies across
observational units. In such cases, directly modeling the
joint probability distribution of all mixture indicators could
require complex and computationally expensive architec-
tures (Mark et al. 2018). In this article, we address this
problem using local decoding: we assume that the distribu-
tion can be factorized by conditioning on other observational
units. Rather than modeling the full joint probability distri-
bution of all mixture indicators (Viterbi 1967; Lember et al.
2019), we approximate each indicator’s probability distribu-
tion one at a time, significantly simplifying the computational
process (Särkkä and Svensson 2023).

One method of local decoding is filtering where the prob-
ability distribution of mixture indicator zt is based on the
sequence of observations up until the t th data point, denoted
as {yi }ti=1,

p(zt | {yi }ti=1, θ) ≈ qα(zt | {yi }ti=1, θ)

= softmax
(
fα

( {hω(yi )}ti=1 , θ
))

for t ∈ {1, . . . , N },
(16)

where fα is a forward network that takes the set of observa-
tions (or their embeddings) and outputs activation pertaining
to the last element in the set. A forward network can be any
network that captures dependencies between observations,
such as recurrent neural networks (RNNs), gated recurrent
units (GRUs), transformers, an so forth.

Both in the context of classification and in the context of
filtering, the networks can be trained with realizations from
the Bayesian generative model, where the tuple (y, θ) serves
as an input, and z is the predicted target. Traditional clas-
sification loss functions, such as categorical cross-entropy,
are well-suited for this inference problem. Specifically, the
following loss function can be used,

α̂, ω̂ = argmin
α,ω

E(θ,y,z)∼p(θ,y,z)

[
− log qα

({zi } | {hω(yi )}, θ
)]

. (17)

An extension of filtering is smoothing (qv, Särkkä and Svens-
son 2023; Mark et al. 2018), where the probability of a
mixture indicator zt is based on all available observations
instead of only the observations that precede the current data
point. To compute the smoothing estimate, we combine the
output of the forward network with an output of a backward
network fβ . The backward network is applied to the remain-
ing observations after t , and processes them in the reversed
order denoted as {yi }t+1

i=N ,

p(zt | {yi }Ni=1, θ) ≈ qα,β(zt | {yi }Ni=1, θ)

= softmax
(
fα

( {hω(yi )}ti=1 , θ
)+

fβ
( {hω(yi )}t+1

i=N , θ
))

for t ∈ {1, . . . , N }.
(18)

Although the forward and backward networks are, in princi-
ple, separate, in many cases it is justified for them to share
the same weights such that α = β. This is because both
networks process the same type of information and have the
same inferential target (the probability distribution of z). In
some cases, the predictions from either the forward network
or the backward network might systematically outperform
the combined outputs of both networks. In that case, train-
ing the networks using the smoothed predictions in Eq. 18
could lead to a solution that effectively mimics the one net-
work which performs better while ignoring the performance
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Fig. 1 Examples of
dependencies between
observational units in mixture
models. (a) Exchangeable
observational units permit
factorizing the distribution of
mixture indicators as p(z |
y, θ) = ∏N

i=1 p(zi | yi , θ). For
non-exchangeable observational
units such as in (b) and (c), local
decoding is used to factorize the
joint distribution; filtering as
p(z | y, θ) = ∏N

i=1 p(zi |
y1, . . . , yi , θ), or smoothing as
p(z | y, θ) = ∏N

i=1 p(zi |
y1, . . . , yN , θ). Figure inspired
by Bürkner et al. (2021)

θ

z1 z2 z3

y1 y2 y3

(a) Exchangeable observational units (indepen-
dent mixtures)

θ

z1 z2 z3

y1 y2 y3

(b) Hidden Markov model

θ

z1 z2 z3

y1 y2 y3

(c) Joint prior over mixture indicators

of the other network. To avoid such a scenario, instead of
using the smoothed classification probabilities from Eq. 18,
both networks are trained with their own loss, each based on
the classification probabilities in the forward and backward
direction, respectively,

α̂, β̂, ω̂ = argmin
α,β,ω

E(θ,y,z)∼p(θ,y,z)

[
− log qα({zi } | {hω(yi )}, θ)

− log qβ({zi } | {hω(yi )}, θ)
]
,

(19)

to ensure that both networks are optimized for the classifi-
cation task on their own. Smoothing in Eq. 18 is not part
of the training loss. Instead, once the forward and backward
networks have been trained separately (Eq. 19), their out-
puts can be combined according to Eq. 18 to yield smoothed
classification probabilities. Thus, Eq. 18 serves purely as a
post-training prediction rule rather than a learning rule.

The losses in Eq. 11 and Eq. 17 or Eq. 19 can be com-
bined, and all networks trained concurrently on the same set
of training examples generated from the Bayesian genera-
tivemodel. Concurrent training also offers an opportunity for
weight sharing between theNPEand classification tasks. Fig-
ure 2 shows a schematic representation of joint training of the
networks used for posterior andmixture inference. For exam-
ple, the local summary network hω can also be used during

NPE to compress each observational unit before the global
summary network hψ is applied to compress the whole data
set for posterior inference, leading to the following training
objective involving the local (hω) and global (hψ ) summary
networks, the posterior network (qφ), and the forward (qα)
and backward (qβ ) networks:

φ̂, ψ̂, α̂, ω̂ = argmin
φ,ψ,α,ω

E(θ,y,z)∼p(θ,y,z)

[
− log qφ

(
θ | hψ({hω(yi )}

)

− log qα({zi } | {hω(yi )}, θ)

− log qβ({zi } | {hω(yi )}, θ)
]
.

(20)

Once the networks are trained, they can be used to make
fast inferences from any data. Figure 3 shows a schematic
representation of using the networks for inference. The
parameter posteriors are sampled as explained in Eq. 12. For
the mixture classification, each sample from the posterior,
θ(s), is subsequently used in the mixture membership clas-
sification, leading to variations in the classification network
output that is a result of the variability in the parameter values.
This way, the uncertainty in parameter values is propagated
to express the resulting uncertainty in mixture classification.
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Fig. 2 Schematic representation of training amortized mixture models.
The boxes highlighted in gray represent the inputs (i.e., the training set)
sampled from the Bayesian generative model. The observations yi are
individually passed through the local summary network. For parameter
posterior training, the complete set of local summaries is further passed
through the global summary network. The global summary is passed
together with the true parameters θ to the posterior network to obtain
the loss from Eq. 11. For classification training, the local summaries

are concatenated with the true parameters θ , and together passed with
the true mixture indicators zi to the classification network, to obtain the
loss fromEq. 17 (or in case of separate forward and backward networks,
Eq. 19). Combining the two losses results in the joint loss in Eq. 20.
The objective of training is to minimize the total loss by optimizing
network weights φ,ψ,ω, α. To simplify notation, we omitted indices
θ(m), y(m)

i , z(m)
i indicating the training sample m ∈ {1, . . . , M}

Fig. 3 Schematic representation of the use of amortizedmixturemodels
for inference. The observations yi are individually passed through the
local summarynetwork. For parameter posterior inference, the complete
set of local summaries is further passed through the global summary
network. The global summary is passed to the posterior network to

generate samples θ(s) from the approximate posterior distribution. For
classification, the local summaries are concatenated with the parameter
samples θ(s) and passed through the classification network to obtain the
approximate mixture membership probabilities. If desired, the mixture
indicators zi can be sampled from this approximate distribution

2.5 Alternative factorizations

The factorization used in Eq. 14 reflects the approach
described in Eq. 4 where parameter posteriors are estimated
first with the latent mixture indicators marginalized out (and
subsequently recomputed). However, as explained in Sec-
tion 2.1, this is not the only option to estimate mixture
models. Instead, it would be possible to use an alternative

factorization,

p(θ, {zi } | {yi }) = p({zi } | {yi }) p(θ | {zi }, {yi }), (21)

which would imply a different network architecture. Specifi-
cally, a classification network would need to predict mixture
membership based on the (1) local and (2) global summary
networks,
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pα

(
zi | {y j }Nj=1

)

≈ softmax

(
fα

(
hω(yi ), hψ

({hω(y j )
N
j=1}

)))

for i ∈ {1, . . . , N }, (22)

which requires conditioning the classification network on the
entire data set, as opposed to conditioning it on the parame-
ters.

The mixture probability distribution p({zi } | {yi }) by
definition marginalizes out the parameter values, i.e., pro-
vides only the expectation of the probability distribution
with respect to the parameter values, p({zi } | {yi }) =
Eθ |y

(
p({zi } | {yi }, θ)

)
. In principle, estimating the distribu-

tion of {zi } on its own would also be suitable for applications
when parameter posteriors are not of interest, only mix-
ture membership classification is. A notable example are
Bayesian non-parametric mixtures with infinite number of
components, where clustering of the data is the main focus
of inference (see Miller and Harrison 2018). Other appli-
cations of mixture models typically involve more detailed
analysis of the joint probability distribution of θ and {zi }. At
minimum, parameter posteriors are used to check model fit
or misspecification.

To estimate the joint distribution using the alternative fac-
torization, the parameter posterior network would have to
be informed by both the data and the latent indicators. One
way how to achieve this is to introduce an additional global
summary network hξ that would learn embeddings of the
concatenation of the local summary embeddings and the
latent indicators,

p(θ | {zi }, {yi }) ≈ qφ

(
θ | hξ

({hω(yi ), zi }
))

. (23)

During inference, the mixture indicators would have to be
sampled from a categorical distribution according to {zi } ∼
pα({zi } | {yi }) for every sample s from the parameter poste-
rior. Note that if posterior samples of the mixture indicators
are required, then draws from the categorical distribution
are necessary even for the factorization used in this article.
However, in most applications the quantities of interest are
the mixture membership probabilities rather than specific
sampled realizations. Since these probabilities are provided
directly by the classification network, additional sampling
from the categorical distribution is not needed. Another dis-
advantage of this approach is the need to use two global
summary networks – one that is used for classification, and
one that is used for posterior inference. For these reasons, we
decided to use only the factorization described in our case
studies in Section 2.4.

2.6 Related work

The present article puts a lot of emphasis on estimating the
joint distribution of categorical and continuous variables – in
the present case, the latent mixture membership indicators,
and the parameter of the mixture model. Modeling of con-
tinuous and discrete quantities was also proposed by Boelts
et al. (2022), used the same principle (factorizing the joint
distribution) to model continuous and discrete data via neu-
ral networks (neural likelihood estimation). In the context
of posterior inference, Schröder and Macke (2023) proposed
simultaneous inference over discrete model components and
their parameters, essentially allowing model-averaged infer-
ence and prediction. The conceptual difference of this work
is that whereas predicting model posterior requires a sin-
gle classification conditioned on the whole dataset, inference
for mixture models requires multivariate classification con-
ditioned on individual observational units. The split between
inferring local and global variables also makes the mixtures
application a case related to multilevel and graphical models
(Habermann et al. 2024; Arruda et al. 2025; Heinrich et al.
2024); in particular, the currently used factorization is con-
ceptually similar to two-level multilevel models described by
Habermann et al. (2024).

3 Case studies

We evaluate our proposed approach for amortized Bayesian
mixture models on three case studies. The first two case stud-
ies present idealized synthetic examples that demonstrate the
use of our approach in the case of independent and depen-
dent mixture models, respectively. The last example shows
an application on a real world data set. All applications of
ABI are implemented using the BayesFlow software pack-
age (Radev et al. 2022) in Python (Rossum and Drake
2010). Code associated with this article is accessible at
osf.io/7wvyk/.

3.1 Evaluation

An implementation of any model needs to be validated in
order to ascertain whether conclusions made using the model
are not misleading (Hermans et al. 2022). For each appli-
cation, we apply a range of checks to validate the models
we showcase in this article. We follow a principled Bayesian
workflow (Schad et al. 2019; Gelman et al. 2020; Gabry et al.
2019).

Simulation-based calibration (SBC, Talts et al. 2018;
Modrák et al. 2023) is used to validate whether the param-
eter posterior approximation is well calibrated with respect
to the true posterior. In SBC, parameters are repeatedly sam-
pled from the prior, synthetic data are generated from these
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parameters, and the model is refitted to each dataset (gener-
ate posterior draws). For each parameter, we then compute
the rank of the true (data-generating) parameter value among
its posterior draws. When the inferred posterior distribution
is well calibrated with respect to the true data-generating
process, these ranks follow a uniform distribution. To visu-
alize this, we plot the fractional ranks: the normalized ranks
divided by the number of posterior samples. Specifically, we
show the difference between the expected ECDF of a uni-
form distribution and the observed ECDF of the fractional
rank statistic. Ideally, the ECDF difference fluctuates close
to zero. A failed SBC check indicates issues with compu-
tational validity of the parameter posterior approximation,
which could be due to not sufficient training, or a lack of net-
work expressiveness. See Modrák et al. (2023); Talts et al.
(2018) for more details about SBC. Additionally, parame-
ter recovery, posterior z-score, and posterior contraction are
used to judge whether the data in combination with the sta-
tistical model lead to meaningful inferences. Poor results can
indicate poor posterior calibration, but can also mean prob-
lems with parameter identifiability, or a lack of information
provided by the data.

To detect model misspecification, we take several
approaches. First,we adopt amethod from the neural network
literature that tests whether the observed data deviates from
the typical data encountered during training (i.e., simulation
gaps; Schmitt et al. 2024a). Specifically, we use the Maxi-
mum Mean Discrepancy (MMD) as a discrepancy measure.
During training, the global summary network is regularized
with anMMD loss to ensure that the learned summary statis-
tics approximately follow a Gaussian distribution. During
inference, we compute the MMD between the empirical data
and data simulated from the generative model, and compare
it against a reference (null) distribution derived from the sim-
ulation model. This enables a formal test of whether the
observed data are consistent with the data-generating pro-
cess assumed during training (Schmitt et al. 2024a). From
theBayesian statistics perspective, we also perform posterior
predictive checks (e.g., Gelman and Meng, X.- L., Stern, H.
1996) to assesswhether replicated data drawn from the poste-
rior predictive distribution resemble the observed data. Since
the first two case studies are demonstrations using synthetic
data, the statistical models are by definition well specified.
Therefore, we conduct model misspecification checks only
in the final case study.

As a last step, we investigate the accuracy of the neu-
ral inference by comparing it to results from state-of-the-art
MCMC. To this end, models presented in our case studies
were evaluated against the results using the probabilistic
programming language Stan (Carpenter et al. 2017). We
compare posterior samples from BayesFlow and Stan
to contrast our implementation of ABI to MCMC. Addi-
tionally, we also use the classifier two-sample test (C2ST;

Lopez-Paz and Oquab 2016) as a quantitative measure of
distribution similarity. In our implementation of C2ST, ABI
andMCMC posterior samples are labeled as separate classes
and used to train a neural network classifier (MLP). The
classifier’s predictive performance is estimated via 5-fold
cross-validation, and using classification accuracy as the
evaluation metric. The resulting mean accuracy constitutes
the C2ST score; values close to 0.5 indicate that the two sam-
ple sets are indistinguishable, whereas higher values suggest
greater divergence between the underlying distributions.

3.2 Parameter constraints

Some parameters in the current models are naturally con-
straint – for example, mixture proportions are bounded
between zero and one and must sum to one. Across all exper-
iments and applications, we ensured that all of the model
parameters estimated by the amortized posterior estimator
are trained on the unconstrained real space. Because the
networks only see the unconstrained parameters during train-
ing, the parameter posterior network is subsequently making
inferences on the unconstrained parameter space. Similarly,
the classification networks are also conditioned on param-
eters in the unconstrained space. Where appropriate, we
transform the parameters from the unconstrained space into
the constrained space for easier interpretation of the results.
Here we explain the parameter transformations used across
the case studies.

Unit simplex

Unit simplex parameters π are constrained such that 0 ≤
πk ≤ 1 for k ∈ {1, . . . , K } and∑K

k πk = 1. Parameters con-
strained on the unit simplex inmixturemodels typically come
in form of mixture proportions. Further, in hidden Markov
models, each row of the latent state transition matrix is a unit
simplex. To explain our notation,

π ∼ Dirichlet(2, 2, 2) (24)

indicates that the elements of the vectorπ are generated from
aDirichlet distribution with K = 3 parameters. By construc-
tion, only K − 1 parameters are needed to reconstruct the
entire vector, since all values need to sum to one.

During training, the parameters are transformed into an
unconstrained space θ ∈ R

K−1, defined for 1 ≤ k < K ,

θk = logit−1
(

πk + log
( 1

K − k

))
. (25)

During inference, the posterior parameter network outputs
the posterior distribution on the unconstrained space. To
convert the parameters back to the constrained space, the
following transformation is applied,
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πk =
{(

1 − ∑k−1
j θ j

)
θk if 1 ≤ k < K

1 − ∑K−1
j=1 π j if k = K .

(26)

Ordered vector

Amixture model with the same distribution under each mix-
ture component is identifiable up to the permutation of the
mixture labels. To prevent label switching (see Jasra et al.
2005), one simple solution is to impose order constraints on
parameters. While this naive approach can suffer from sev-
eral drawbacks if used in isolation to solve the label switching
problem (e.g., Celeux et al. 2000; Marin et al. 2005), we use
order constraints in combination with (1) weakly informed
priors (all case studies) and (2) differences between mixture
components likelihoods (case study 3) to ensure model iden-
tifiability. To explain the notation,

(μ1, μ2, μ3) ∼ Normal
(
(−2, 0, 2), I

)

μ1<μ2<μ3
(27)

indicates an order constraint of the mean parameters in a
K = 3 component mixture such thatμ1 < μ2 < μ3. During
sampling from the generative model, the order constraints
are achieved by rejection sampling; first, we draw from the
normal distribution, and if the draw does not satisfy the con-
straint the draw is repeated. In principle, rejection sampling
is not an efficient way to draw from the constrained distribu-
tion. However, in our cases, the prior components are already
relatively well separated, leading to low rejection rates. As
a result, rejection sampling did not significantly slow down
sampling from the Bayesian generative model.

During training, parameters are transformed to an uncon-
strained space, where

θk =
{

μ1 if k = 1

log(μk − μk−1) if 1 ≤ k < K .
(28)

During inference, the parameter posterior network returns the
posterior distribution on the unconstrained space. To convert
the parameters back into the constrained space, the following
transformation is applied,

μk =
{

θ1 if k = 1

μk−1 + exp(θk) if 1 < k ≤ K .
(29)

3.3 Case Study 1: Gaussianmixture model

The first experiment used as an example is a simple inde-
pendent mixture model with three mixture components. The
generative model is as follows:

N ∼ Uniform(150, 250)

P ∼ Uniform(2, 4)

(μ1, μ2, μ3) ∼ Normal
(
(−2, 0, 2), I

)

μ1<μ2<μ3

π ∼ Dirichlet(2, 2, 2)

zi ∼ Categorical(π)

for i ∈ {1, . . . , N }
yi j ∼ Normal(μzi , 1)

for i ∈ {1, . . . , N }; j ∈ {1, . . . , P}

(30)

The context variables N and P (number of observational
units and number of observations per unit, respectively) var-
ied during training so that the networks learn to amortize over
different dataset sizes.

The Deep Set architecture (Zaheer et al. 2017) produces
embedding for exchangeable data, such that the summary
embedding is identical for any permutation of the data points.
We used a Deep Set network as the local summary network
hω to obtain an embedding for each yi individually, produc-
ing a set of embeddings {hω(yi )}. This approach compresses
the data at the subject level, ensuring that the representation
of each observational unit has a consistent dimensionality,
regardless of the number of observations per unit p. In this
case study, the local summary could be easily handcrafted
(i.e., by computing the arithmetic mean). To showcase the
capabilities of the framework in general, we still use a neu-
ral network, albeit it need not be complex: it contains two
dense layers in the inner and outer function of the Deep Set,
as well as two equivariant layers. The output size of the sum-
mary networkwas set to two:While in principle the summary
network could capture all information with a single output
(the minimal number of sufficient statistics is 1 in this case),
giving the network more flexibility allowed it to learn the
representation more easily.

The global summary network distills a fixed length
embedding hψ({hω(yi )}) from the set of individual local
summaries, {hω(yi )}). The global embedding is used for
parameter posterior inference, and so has a more demand-
ing task than the local inference network; if only because
it needs to extract summary statistics that relate to the five
free parameters in the model. The global network is also
implemented as a Deep Set (Zaheer et al. 2017), but we let
the network possess more expressive power; the number of
dense layers in the inner and outer functions were doubled
(i.e., four), while the number of equivariant layers was set to
three.

The embedding from the global summary network is con-
catenated with the context variables n and p and passed to
an invertible spline coupling network with 14 layers, imple-
mented according to Radev et al. (2022). This network is
used for parameter posterior inference. As a classification
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Fig. 4 Case Study 1: Gaussian mixture model. Simulation-based calibration results displayed as difference between the empirical and expected
cumulative distribution function of the fractional rank statistic. The shaded area corresponds to the 95% Confidence bands

network, amultilayer perceptronmodel composed of 12 fully
connected layerswith theReLUactivation functionwas used.

All networks were trained jointly in an online training
regime, for a total duration of 100 epochs, 2000 iterations
each, with each iteration made of 128 sampled data sets from
the Bayesian generative model. Figure 4 shows the results of
the simulation-based calibration (Talts et al. 2018) of the
approximator of the parameter posteriors when the context
variables were fixed at N = 200, P = 3. The results indi-
cate good calibration of the estimated posteriors. Parameter
recovery plots (Figure 5) did not reveal issues with posterior
approximation. Obtaining 1000 samples for 500 data sets
with BayesFlow, without GPU acceleration, took about
12 sec in total. Obtaining 500 warmup and 1000 sampling
iterations from a single chain in Stan (without paralleliza-
tion) takes about 3 sec on the same hardware for a single data
set – fitting the model on 500 data sets would have therefore
taken about a day. Inference with BayesFlow is therefore
about 2 orders of magnitudes faster than with Stan for this
model.

Next, we show how the amortized inference compares
to results obtained using MCMC with Stan (Carpenter
et al. 2017). We simulated a single data set from the gen-

erative model, and fitted the mixture model on the simulated
data with ABI and with MCMC. The true parameter val-
ues in this particular example are π = (0.3, 0.5, 0.2),
μ = (−1.8,−0.5, 1.2) and the context variables were set
to N = 200, P = 3.

Figure 6 shows the joint posterior distribution of the
parameters as estimated byABI andMCMC,with 6000 sam-
ples using either method. Visual inspection indicates that the
distributions are almost identical. The C2ST score is 0.53,
indicating that distinguishing between the ABI and MCMC
samples is a difficult task for a neural classifier. These results
suggest that both methods sample from nearly the same dis-
tribution.

Figure 7 shows the results of the classification network
when applied to a single data set drawn from the Bayesian
generative model. The results indicate that the neural esti-
mation of the classification probabilities are similar to the
results calculated using the analytic likelihoods based on the
parameter posteriors obtained with MCMC. The results sug-
gest that the neural classifier is able to represent the mixture
probabilities in a faithful manner. The 95% CI intervals also
overlap for both methods, suggesting that the neural clas-
sifier is able to accurately propagate the uncertainty of the
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Fig. 5 Case Study 1: Gaussian mixture model. Parameter recovery shown as scatter plot between the true data generating parameter values and the
estimated parameter values. The point estimates are the median, whereas the lines depict the 95% central credible interval

parameter values into the uncertainty of the classification
probabilities. However, the neural estimates are visibly more
“jittery”, i.e., rather than producing smooth changes in the
input to small change in the input, the output varies slightly
more chaotically than expected. This might be caused by an
overly complex classification network (12 fully connected
layers) with a ReLU activation (which is sometimes prone to
produce non-smooth output).

3.4 Case Study 2: Gaussian hiddenMarkovmodel

The second experiment builds on the first one, but introduces
some changes. First, instead of the latent mixture indicators

being sampled independently, they now follow a first-order
Markov chain. Themodel can be therefore viewed as a hidden
Markov model for evenly spaced time-series (Frühwirth-
Schnatter 2006; Visser and Speekenbrink 2022; Zucchini
et al. 2016). Second, each time point can consist of variable
number of observations, instead of that being fixed for all
time points. Lastly, the model is composed of only two mix-
ture components (hidden states). The model can be written
down as follows,

Pi ∼ Uniform(2, 5) for i ∈ {1, . . . , N }
αk ∼ Dirichlet(2, 2) for k ∈ {1, 2}

(μ1, μ2) ∼ Normal
(
(−1.5, 1.5), I

)

μ1<μ2

z1 ∼ Categorical(0.5, 0.5)

zi ∼ Categorical(αzi−1) for i ∈ {2, . . . , N }
yi j ∼ Normal(μzi , 1) for i ∈ {1, . . . , N }; j ∈ {1, . . . , Pi },

(31)
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Fig. 6 Case Study 1: Gaussian
mixture model. Joint posterior
distribution of the parameters
obtained with ABI and MCMC.
Example using synthetic data.
The diagonals show the
marginal parameter posteriors,
whereas off-diagonal elements
show the pairwise scatter plots
to display dependencies
between parameters

where N = 100 is the number of time points (observa-
tional units) and Pi is the number of observations per time
point. The 2 × 2 transition matrix with elements αi j gives
the probability of transitioning from state i to state j . Since
each row of the transition matrix sums up to one, we will
only show the results for the diagonal elements of the matrix
α11 and α22, corresponding to the probability of staying at
the current state 1 or 2, respectively.

For the same reasons as in the first case study, Deep Set
architecture (Zaheer et al. 2017) was used as the local sum-
mary network hω. However, in order to extract information
from the temporal dependencies between the data points, an
LSTM network (Gers et al. 1999) was used as the global
summary network.

The classification network fα is implemented as an LSTM
layer with 32 units, followed by series of fully connected
dense layers with ReLU activation. The LSTM layer allows
the network to take into account other observational units,
whereas the dense layers increase the expressiveness of the
network.

All networks were trained jointly in an online training
regime, for a total duration of 50 epochs, 500 iterations each,

with each iteration made of 512 sampled data sets from the
Bayesian generative model.

For validation of the posterior approximator, we simu-
lated 1000 data sets using the Bayesian generative model,
and fitted themwith the amortized posterior approximator by
generating 1000 posterior samples for each data set. Obtain-
ing 1000 samples for 1000 data sets with BayesFlow, even
without GPU acceleration, took about 12 sec. Obtaining 500
warmup and 1000 sampling iterations from a single chain in
Stan (without parallelization) takes about 2 sec on the same
hardware for a single data set. Inference with ABI is there-
fore about 2 orders of magnitudes faster than with MCMC
for this model. As shown in Figure 8, the SBC revealed no
clear patterns of miscalibration of the posterior approxima-
tor. Figure 9 does not reveal issues with estimating the mean
parameters μ1 and μ2. Recovery of the transition proba-
bilities (α11 and α22) is slightly worse. A closer inspection
reveals that parameter recovery is challenging in regions of
the parameter space where the latent states are insufficiently
separated (μ2 − μ1 ≥ 2/3), as illustrated in the middle row
of Figure 9. In contrast, when the states are well separated,
recovery of the transition probabilities improves (bottom row
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Fig. 8 Case Study 2: Gaussian hidden Markov model. Simulation-based calibration results displayed as difference between the empirical and
expected cumulative distribution function of the fractional rank statistic. The shaded area corresponds to the 95% Confidence bands

Fig. 9 Case Study 2:Gaussian hiddenMarkovmodel. Parameter recov-
ery shown as scatter plot between the true data generating parameter
values and the estimated parameter values. The point estimates are the
median, whereas the lines depict the 95% central credible interval. Top

row: Recovery across the entire parameter space.Middle row: Recovery
for a subset of the parameter space where μ2 −μ1 < 2/3. Bottom row:
Recovery for a subset of the parameter space where μ2 − μ1 ≥ 2/3

of Figure 9). This pattern is characteristic of mixture models:
poor separation between components increases uncertainty
in the mixture indicators, which in turn reduces the precision
of estimates for mixture or transition probabilities.

To showcase the application of the amortized HMM, we
show the results applied to one synthetic example gener-
ated from the Bayesian generative model. Figure 10 shows
the posterior distribution of the parameters. Both ABI and
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Fig. 10 Case Study 2: Gaussian
hidden Markov model.
Comparison between parameter
posterior approximations using
ABI and MCMC. Example
using synthetic data. The
diagonals show the marginal
parameter posteriors, whereas
off-diagonal elements show the
pairwise scatter plots to display
dependencies between
parameters. The two methods
return nearly identical results,
yielding almost perfectly
overlapping distributions

MCMC estimates are very similar. The C2ST score is 0.56,
indicating that distinguishing between the ABI and MCMC
samples is a difficult task for a neural classifier. These results
suggest that both methods sample from nearly the same dis-
tribution.

ABI and MCMC also agree on the classification proba-
bilities based on forward filtering, backward filtering, and
smoothing, as shown in Figure 11, suggesting that the
classification network is well calibrated as well, including
calibration of the classification uncertainty as demonstrated
by overlapping confidence intervals.

3.5 Case Study 3: Latent switches in cognitive
processing

The current application is based on the empirical study
reported by Dutilh and Wagenmakesr, Visser, van der Maas,
(2011) that studied human decision making in speeded deci-
sion tasks. One prediction is that under different incentive
conditions (i.e., varying reward for speed versus accuracy),
participants are unable to control the speed-decision trade-
off on a continuum, but rather switch between distinct modes

of behavior – under one mode, participants tend to guess ran-
domly in order to provide fast responses, and under another
mode, provide slower responses for the sake of improving
their accuracy. These modes can be represented as latent
states in a mixture model. Since the incentives in the exper-
iment between trials are adjusted continually, it is expected
that there will be some temporal dependencies between the
states; here, wewill model these dependencies with a Hidden
Markov model.

The response behavior is modeled using evidence accu-
mulation models (EAMs), a widely used class of cognitive
process models of decision-making (e.g., Ratcliff 1978; Rat-
cliff and McKoon 2008; Bogacz et al. 2006; Ratcliff et al.
2016; Evans et al. 2020). EAMs assume that a decision
is made by stochastically accumulating evidence over time
toward a boundary that represents the amount of evidence
required to trigger a response. The drift rate (ν) governs
the mean rate of accumulation, while the boundary separa-
tion (α) reflects response caution: larger boundaries lead to
slower but more accurate responses. A non-decision time (τ )
accounts for residual processes such as perceptual encoding
and motor execution. Noise in evidence accumulation can
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Fig. 11 Case Study 2:
Gaussian hidden Markov model.
Comparison between ABI and
MCMC in the predicted
classification probabilities using
forward (panel b) and backward
(panel c) filtering, and
smoothing (panel c), using the
Gaussian hidden Markov model.
In panel a, individual
observations are shown as black
dots. Large colored dots depict
the mean. In the classification
plots, the solid lines show the
posterior median, and the
confidence bands display the
99% central credible interval.
Example using synthetic data.
The two methods return nearly
identical results, yielding almost
perfectly overlapping
classification probabilities

Fig. 12 Case Study 3: Latent switches in cognitive processing. Simulation-based calibration results displayed as difference between the empirical
and expected cumulative distribution function of the fractional rank statistic. The shaded area corresponds to the 95% Confidence bands

arise both within and between trials, reflecting sensory noise
or fluctuations in attention and task difficulty, etc (Tillman
et al. 2020; Bogacz et al. 2006; Evans et al. 2020).

Under theguessing state (zi = 1), response times arise as a
result of a simple evidence accumulation process as aWiener
diffusion process (see Karatzas and Shreve 2014) with a drift
ν1. Once evidence reaches the threshold α1, a response is
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triggered at random with a non-decision time delay τ . This
response time process is known as simple response times
(Luce 1991); using theWiener diffusion process implies that
the response times follow the shifted Wald distribution (i.e.,
inverse Gaussian; Anders et al. 2016; Chhikara and Folks
2019).

Under the controlled state (zi = 2), responses are gener-
ated from a four-parameter Racing Diffusion Model (RDM,
Tillman et al. 2020). The RDM assumes that two parallel
accumulators (one representing the correct response and one
the incorrect response) race towards a decision boundary
α22. Each accumulator follows a Wiener diffusion process,
characterized by its own drift rate (ν22 for the correct accu-
mulator and ν21 for the incorrect accumulator). A decision
is made when the first accumulator reaches the boundary
α2, determining both the response outcome yi (1 if the “cor-
rect” accumulator wins, 0 otherwise) and the decision time
ti . A non-decision time τ is then added to account for sen-
sory encoding and motor execution, such that the observed
response time is r ti = ti + τ .

The RDM captures characteristic phenomena of human
decision-making (Tillman et al. 2020), including the con-
tinuous speed–accuracy trade-off: increasing the boundary
α2 or the drift rate ν22 leads to slower but more accurate
responses. Despite its cognitive richness, the four-parameter
RDM remains relatively parsimonious, making it a suitable
observation model within a larger hierarchical framework
(in this case, a single state of the HMM; Kucharský, Tran,
Veldkamp, Raijmakers, Visser, 2021).

The full model can be summarized as follows,

ρk ∼ Dirichlet(2, 2) for k ∈ {1, 2}
z1 ∼ Categorical(0.5, 0.5)

zi ∼ Categorical(ρzi−1) for i ∈ {2, . . . , N }
α1 ∼ Normal(0.5, 0.3)T (0,∞)

ν1 ∼ Normal(5.5, 1.0)T (0,∞)

(α2 − α1) ∼ Normal(1.5, 0.5)T (0,∞)

ν21 ∼ Normal(2.5, 0.5)T (0,∞)

(ν22 − ν21) ∼ Normal(2.5, 1.0)T (0,∞)

τ ∼ Exponential(5.0)

(r ti , yi ) ∼
{(

Wald(α1, ν1) + τ,Bernoulli(0.5)
)

if zi = 1

RDM(α2, ν21, ν22, τ ) if zi = 2
for i ∈ {1, . . . , N },

(32)

where N = 400 is the number of trials in the experi-
ment (observational units). The observable variables are the
response times (in seconds) r ti and the choices (binary) yi
on experimental trial i . The 2× 2 transition matrix with ele-
mentsρi j gives the probability of transitioning from the latent
state i to j . Since each row of the transition matrix sums up

to one, we will only show the results for the diagonal ele-
ments of the matrix α11 and α22, the probability of staying in
the guessing and controlled state, respectively. The response
model comprises of six parameters: the non-decision time
τ , the decision boundary α1 and the drift rate ν1, respec-
tively, under the guessing state, the decision boundary α2,
the drift rate for the incorrect response ν21 and the correct
response ν22 under the controlled state. The parameter pri-
ors were selected through prior predictive simulations such
that model generates realistic patterns of observed data under
each state Kucharský, Tran, Veldkamp, Raijmakers, Visser,
(2021).

Since the observational units are always comprised only
of one observation of response time r ti and one observation
of choice yi , using a local summary network would be redun-
dant. Thus, raw data is passed directly to the global summary
network for posterior inference, as well as the classification
network for the classification inference. The global sum-
mary network consists of four convolutional layers followed
by a bidirectional LSTM with 256 units. The convolutional
layers serve to extract and smooth local temporal patterns
in the sequence of responses, while the LSTM captures
short- and medium-range dependencies that reflect latent
state persistence and switching in the underlying HMM. This
combination allows the inference network to construct sum-
mary representations that are sensitive to temporal structure
in the observed data. The final output layer (32 units) is regu-
larized using the MMD loss to ensure approximately normal
summary statistics (Schmitt et al. 2024a). This will allow us

later to compute diagnostics of model misspecification when
the model is applied to empirical data.

The classification network fα is implemented as an LSTM
layer with 32 units, followed by a series of fully connected
layers with ReLU activation. The LSTM layer allows the
network to take the temporal dependencies in the data, while
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Fig. 13 Case Study 3: Latent switches in cognitive processing. Parameter recovery shown as scatter plot between the true data generating parameter
values and the estimated parameter values. The point estimates are the median, whereas the lines depict the 95% central credible interval

the dense layers further increase the expressiveness of the
network. The classification network was trained both in the
forward and backward regime, so that it can be used for both
filtering and smoothing.

All networks were trained jointly in an online training
regime, for a total duration of 100 epochs, 1000 iterations
each epoch, with each iteration made of 256 sampled data
sets from the Bayesian generative model.

For validating the posterior approximator, we simulated
1000 data sets from the Bayesian generativemodel, and fitted
them with the amortized posterior approximator, obtaining
1000 posterior samples for each data set. As shown in Fig-
ure 12, SBC revealed no miscalibration of the posterior
approximator. Figure 13 shows that parameters can also be
recovered. Overall the results of the validation simulations
suggested that the amortized posterior works well.

To evaluate the model’s performance on real data, the
modelwas fitted to data from11participants in an experiment
reported by Dutilh and Wagenmakesr, Visser, van der Maas,
(2011). For reference, we used BayesFlow and Stan to fit
all data sets with ABI and MCMC, respectively. Obtaining
4000 samples for all 11 data sets took about 40 sec using
BayesFlow, and about 15 minutes with Stan.

To check for model misspecification, we computed the
MMD of the summary statistics returned by the global sum-
mary network, and compared it to the distribution of MMD
statistics computed on prior predictive data sets. As shown
in Table 1, for seven out of the eleven data sets, the com-
putedMMDdid not exceed critical values that would identify
model misspecification. The C2ST score (Lopez-Paz and

Table 1 MMD test and Pareto k̂ diagnostic. Highlighted values indicate
failed diagnostics. Failed MMD test (α = 0.1) indicates a simula-
tion gap and suggests that the amortized posterior may have a problem
generalizing to the current data set and the posterior is therefore not
trustworthy. Pareto k̂ > 0.7 usually indicates that Pareto smoothed
importance sampling will not be effective in correcting the amortized
posteriors

MMD test
Data set Statistic p-value Pareto k̂ C2ST

A 3.84 .025 3.81 0.99

B 3.75 .084 0.49 0.62

C 3.52 .664 0.46 0.56

D 3.68 .168 0.41 0.71

E 3.67 .192 0.53 0.65

F 3.44 .895 0.59 0.58

G 3.77 .072 1.61 0.98

H 3.67 .197 0.67 0.55

I 3.63 .282 0.32 0.55

J 3.72 .453 0.66 0.56

K 3.78 .060 0.76 0.82

Oquab 2016) generally agreed with MMD; datasets asso-
ciated with high MMD are also ones where classifying
posterior samples from MCMC and ABI is relatively eas-
ier.

An example of a posterior associated with a typical value
ofMMDis shown inFigure 14. The posterior approximations
of ABI and MCMC almost perfectly overlap, both in terms
of their marginal distributions, as well as the join distribution
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as inspected by pairwise scatter plots. This suggests that the
ABI posterior estimate is able to correctly capture the values
of the parameters as well as their correlations. The low value
of MMD correctly identified that the amortized posterior is
indeed well calibrated for this data set, and the estimate is
therefore trustworthy.

For the other four data sets, the parameter posteriors
approximated by ABI may not be trustworthy. For exam-
ple, as shown for participant B in Figure 15, it appears that
ABI slightly underestimates parameters α1 and ν1.

Following the amortized Bayesian workflow (Schmitt
et al. 2024b), it is possible to correct the approximated pos-
teriors using Pareto smoothed importance sampling (PSIS,
Vehtari et al. 2024, 2017). For each posterior sample obtained
from the neural approximator, we obtain the log posterior
density using the neural approximator, as well as the (unnor-
malized) analytic log posterior density; sincewe have already
implemented this model in Stan, we used the Stan model
to compute the analytic density. The log importance weights
are calculated as the difference between the log neural density
and log analytic density. The Pareto smoothed weights and
k-statistic were computed using the Arviz package (Kumar
et al. 2019).

Table 1 also shows the Pareto k̂ diagnostic. For the data
set B, the importance weights can be used for correcting the
posterior distribution obtained with ABI.

However, for some data sets (mainly, A and G), the ABI
posteriors are too far from the true posterior to be cor-
rected by importance sampling. For example, for data set
A, the MCMC posterior lies on the tails of the prior for the
parameters α1 and ν1 (Figure 16). Subsequently, ABI poorly
generalizes and substantially underestimates the parameters.
This poor generalization is captured by the high MMD value
and its p-value. Furthermore, the ABI posterior is too far
from the true posterior, rendering importance sampling inef-
ficient and unreliable – which is captured by the high Pareto
k̂ diagnostic in Table 1. This indicates that precise posterior
inference for the data sets A and G is not available using
the current networks. Data set K is a borderline case with
marginally high k̂ = 0.76. For this data set, importance
sampling will likely still work well given enough posterior
samples.

Even in the case where the parameter posterior is not
estimated reliably using neural networks, the two states are
separatedwell enough that even the biased parameter posteri-
ors do not have a big influence on the resulting classification;
as shown in Figure 17.

4 Discussion

In this paper, we developed and evaluated a framework for
amortized Bayesian mixture models based on deep learning.

By decomposing mixture models into parameter posterior
distributions and mixture membership distributions, we can
represent these distributions through corresponding neural
architectures. These neural networks can be trained simul-
taneously on the same training data generated from the
Bayesian model. This allows flexible amortization over dif-
ferent design factors, such as the number of observational
units. Once trained, the neural networks provide reliable esti-
mates in a fraction of the time required by traditionalmethods
such as MCMC.

We evaluated the proposed framework through three case
studies, demonstrating its applicability. The computational
faithfulness of the neural networks was rigorously assessed
through simulations.We also extensively compared the accu-
racy of the neural network outputs against state-of-the-art
MCMC results obtained using Stan (Carpenter et al. 2017).
The first two case studies show a proof of concept on inde-
pendent and dependent mixture models, though with limited
applicability considering their simplistic nature. The third
case study brings forth a more realistic scenario of using the
framework in empirical context.

The methodology is implemented with the Python library
BayesFlow (Radev et al. 2022), and is publicly accessible
online at osf.io/7wvyk/.

Limitations & Future directions

Although the scope of the statisticalmodels showcased in this
article is relatively limited, we believe it demonstrates that
the proposed framework has much broader potential. Gen-
eral benefits of ABI, speed during inference, fitting models
with intractable likelihoods, might not be the only appealing
characteristics in the context ofmixturemodels. For example,
some MCMC samplers might be prone to get stuck in iso-
lated parameter regions for specific models (Stephens 1997;
Swanson 2024; Celeux et al. 2000; Diebolt and Robert 1994;
Marin et al. 2005). ABI might be a promising alternative to
MCMC in such use cases.

Due to our aim to validate our results against MCMC,
the parametrizations used in this article are inspired by stan-
dard practices in probabilistic programming languages such
as Stan (Carpenter et al. 2017). However, translating these
directly for ABI is not always straightforward. Priors con-
venient in Stan in particular or for MCMC in general may
have significant downsides for ABI. Extremely flat priors,
for instance, are often used for MCMC, but may hinder ABI
by training the networks on too many unrealistic examples.
Conversely, overly narrow or misspecified priors lead to ABI
failure since the networks are never trained on relevant data.
Another consideration is computational efficiency: density-
basedMCMC (e.g., HamiltonianMonteCarlo) require priors
whose density is fast to evaluate, whereas ABI benefits from
priors that can be efficiently sampled from. This distinc-
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Fig. 14 Case Study 3: Latent
switches in cognitive processing.
Comparison of the parameter
posterior samples between ABI
and MCMC for participant C
reported by Dutilh and
Wagenmakesr, Visser, van der
Maas (2011). The diagonals
show the marginal parameter
posteriors, whereas off-diagonal
elements show the pairwise
scatter plots to display
dependencies between
parameters. The two methods
return nearly identical results,
yielding almost perfectly
overlapping distributions

Fig. 15 Case Study 3: Latent
switches in cognitive
processing. Comparison of the
parameter priors and posterior
samples between ABI and
MCMC for participant B
reported by Dutilh and
Wagenmakesr, Visser, van der
Maas (2011). The diagonals
show the marginal parameter
posteriors, whereas off-diagonal
elements show the pairwise
scatter plots to display
correlations between
parameters. The ABI
approximation is slightly biased
but the estimates can be
corrected by Pareto smoothed
importance sampling
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Fig. 16 Case Study 3: Latent
switches in cognitive
processing. Comparison of the
parameter priors and posterior
samples between ABI and
MCMC for participant A
reported by Dutilh and
Wagenmakesr, Visser, van der
Maas (2011). The diagonals
show the marginal parameter
posteriors, whereas off-diagonal
elements show the pairwise
scatter plots to display
dependencies between
parameters. The ABI
approximation is severely biased
and corrections using Pareto
smoothed importance sampling
will not be efficient

Fig. 17 Case Study 3: Latent switches in cognitive processing.Compar-
ison between smoothing classification probabilities between ABI and
MCMC for participant A reported by Dutilh and Wagenmakesr, Visser,

van der Maas (2011). The two methods return nearly identical results,
yielding almost perfectly overlapping lines

tion becomes relevant, for example, in our Gaussian mixture
model. We adopted an order-restricted prior on component
means, a parametrization common in Stan. While efficient
for density evaluation, it necessitated rejection sampling
for ABI. In our example, well-separated components kept
rejection rates low, but with less separation or many more
components, rejection sampling would become infeasible,
and alternative prior specifications would be required.

One of the main strengths of ABI is inference speed.
Across our examples, our implementation of ABI with
BayesFlow consistently outperformed MCMC sampling
with Stan by several orders of magnitude in inference time.
This acceleration is important even when applying a model
to a single dataset, since simulation-based validation proce-
dures such as SBC (Talts et al. 2018; Modrák et al. 2023)
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typically require fitting hundreds or thousands of datasets,
which can become prohibitively expensive with MCMC.

However, the speed benefits apply primarily to the infer-
ence phase. Total model-fitting time may turn out to be sub-
stantially longer (Bürkner et al. 2023). Generating training
data, training the neural networks, and tuning hyperparame-
ters can demand considerable computational resourceswhich
add to the cost of ABI. Implementing ABI pipelines also
entails developing and testing the simulator, designing and
debugging neural architectures, and experimenting with dif-
ferent network configurations to achieve reliable inference,
all of which contribute significant overhead. In our case stud-
ies, implementing the new neural factorization, debugging
the simulator, and testing multiple network configurations to
achieve satisfactory calibration required by far the most time
and effort. Moreover, training and inference times depend
strongly on network architecture. For example, normaliz-
ing flows are typically slower to train than flow-matching
architectures (Lipman et al. 2022), whereas inference with
normalizing flows tends to be faster, particularly on CPUs,
than flow-matching. These observations underscore that,
although ABI can offer substantial gains during inference, it
does not necessarily outperformMCMC in overall efficiency
in every use case.

Network architectures influence not only speed of training
and inference, but also computational faithfulness of the net-
works. Inappropriate architectures (e.g., using permutation-
invariant Deep Sets on time-series data) can distort themodel
structure, but even within appropriate architectural families,
network accuracy is highly sensitive to hyperparameters such
as the number of layers, hidden units, activation functions,
etc. Simpler networks may underfit and fail to capture rel-
evant patterns in the data; overly complex networks may
overfit, reproducing noise from the training data and produc-
ing unstable outputs. We observed the latter phenomenon in
our first case study, where a deep classification network (12
fully connected layers with ReLU activations) exhibited vis-
ibly “jittery” output, likely reflecting excessive capacity of
the network (Novak et al. 2018). This settingwas the result of
our iterative experimentation rather than a principled search
for the best hyperparameters. A more principled approach
would be using some sort of tuning procedure; for example,
Bayesian optimization (Snoek et al. 2012) or population-
based training (Jaderberg et al. 2017).
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