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Linear regression is one of the most widely used statistical techniques, serving as the
foundation for many advanced modeling methods (Gelman and Hill, 2006; Gelman et al.,
2013). However, its limitations become apparent in high-dimensional settings or when
predictors exhibit multicollinearity (Hoerl and Kennard, 1970; Tibshirani, 1996; Giraud,
2014). In such cases, parameter estimation becomes unstable, and traditional models
often fail to deliver reliable or interpretable results. To address these challenges, a variety
of priors with exceptional theoretical and empirical properties have been developed over
the last decade. These priors often assume that the true underlying model is sparse,
meaning that many regression coeflicients are exactly zero, and have the purpose of
enforcing sparsity (Carvalho et al., 2010; van der Pas et al., 2016; van der Pas, 2021).
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Abstract. The adoption of continuous shrinkage priors in high-dimensional linear
models has gained widespread attention due to their practical and theoretical
advantages. Among them, the R2D2 prior has gained popularity for its intuitive
specification of the proportion of explained variance (R?) and its theoretically
grounded properties. The R2D2 prior allocates variance among regression terms
through a Dirichlet decomposition. However, this approach inherently limits the
dependency structure among variance components to the negative dependence
modeled by the Dirichlet distribution, which is fully determined by the mean.
This limitation hinders the prior’s ability to capture more nuanced or positive
dependency patterns that may arise in real-world data.

To address this, we propose the Generalized Decomposition R2 (GDR2) prior,
which replaces the Dirichlet decomposition with the more flexible Logistic-Normal
distribution and its variants. By allowing richer dependency structures, the GDR2
prior accommodates more realistic and adaptable competition among variance
components, enhancing the expressiveness and applicability of R?-based priors in
practice. Through simulations and real-world benchmarks, we demonstrate that
the GDR2 prior improves out-of-sample predictive performance and parameter
recovery compared to the R2D2 prior. Our framework bridges the gap between
flexibility in variance decomposition and practical implementation, advancing the
utility of shrinkage priors in complex regression settings.
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2 Generalized Decomposition Priors on R2

Even in cases where the true model is not sparse, sparse approximations have been
widely recommended and successfully applied across a range of disciplines (Tibshirani,
1996; Giraud, 2014; van der Pas et al., 2014; Hastie et al., 2015; Zhang and Bondell,
2018; Bhadra et al., 2019). Dense solutions, while theoretically possible, tend to violate
the principle of parsimony by increasing model complexity, which can lead to overfitting,
reduced interpretability, and higher computational costs (Giraud, 2014; Hastie et al.,
2015; Yang et al., 2016). As a result, there has been significant interest in priors that
balance regularization and flexibility while remaining computationally efficient.

Continuous global-local shrinkage priors are a powerful class of priors that strike a
balance between sparsity and regularization while maintaining flexibility through the
incorporation of both global and local shrinkage effects (Tadesse and Vannucci, 2021).
Over the past decade, these priors have been extensively studied and widely adopted
within the Bayesian community due to their excellent empirical performance, computa-
tional efficiency, and the availability of fast implementations (van der Pas et al., 2016;
Piironen and Vehtari, 2017; van der Pas et al., 2017; Johndrow et al., 2020).

Furthermore, a broad class of continuous global-local shrinkage priors has been
shown to achieve near-minimax recovery rates (Ghosal et al., 2000; van der Pas et al.,
2014, 2016; Tadesse and Vannucci, 2021). General conditions over the local scales have
also been established to ensure that the posterior distribution concentrates at the min-
imax estimation rate under these shrinkage priors (van der Pas et al., 2016; Rockov4,
2018; Bhadra et al., 2019). These theoretical guarantees provide a foundation for un-
derstanding why the priors commonly used in practice perform so well: the observed
empirical success is, in essence, a reflection of the strong theoretical properties under-
pinning these models.

Prominent examples of shrinkage priors include the horseshoe, horseshoe-plus, three-
parameter beta, normal gamma, and generalized double Pareto priors (Carvalho et al.,
2010; Bhadra et al., 2017; Griffin and Brown, 2010; Armagan et al., 2011, 2013). These
priors typically assume the local scales are conditionally independent given the global
scale. However, an alternative family of priors introduces dependencies between the
scales via joint distributions, albeit in a much smaller subset of the literature. Examples
include the Dirichlet-Laplace, R2D2, and its multilevel extension, the R2D2M2 prior
(Bhattacharya et al., 2015; Zhang et al., 2020; Aguilar and Biirkner, 2023). These ap-
proaches model local scales as proportions using a Dirichlet distribution. Therefore the
competition among variance components will only be able to gravitate towards negative
dependence structures fully specified by the mean. Yet, in reality, specific coefficients or
groups may compete differently for the total variability than the Dirichlet would allow
for. Thus, the ability to capture more nuanced or positive dependence structures among
variance components, which might better reflect real-world scenarios is severely limited.

The value of moving beyond Dirichlet distributions to more flexible alternatives has
long been recognized in fields such as Compositional Data Analysis Aitchison (1986);
Greenacre et al. (2023), Categorical Data Analysis (Agresti and Hitchcock, 2005), and
Machine Learning in areas such as Correlated Topic Modeling (Blei and Lafferty, 2007;
Chen et al., 2013). Despite their success, these methods have not been explored in the
context of shrinkage priors, leaving a gap in the literature.
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Among existing shrinkage priors, the R2D2 prior is particularly notable for its focus
on global quantities of interest—such as the proportion of explained variance (R?)—and
its ability to jointly regularize regression coefficients (Zhang et al., 2020; Aguilar and
Biirkner, 2023; Mikkola et al., 2021). By simplifying prior elicitation and enhancing in-
terpretability, the R2D2 framework has become a valuable tool for practitioners. How-
ever, its reliance on Dirichlet decompositions limits its flexibility in modeling dependen-
cies among variance components.

The R2D2 prior specifies a prior on R? and uses a Dirichlet decomposition to al-
locate the variance across regression terms. In this work, we address the limitations
of the Dirichlet-based decomposition by introducing the Generalized Decomposition
R2 (GDR2) prior, which extends the R2D2 framework using Logistic-Normal decom-
positions and their variants. This extension enables richer, more expressive parame-
terizations of dependency structures among variance components, capturing complex
relationships that are inaccessible with Dirichlet-based approaches. By combining the
intuitive interpretability of the R2D2 framework with increased flexibility, the GDR2
prior represents a significant step forward in the development of continuous global-local
shrinkage priors.

Our work is organized as follows: we begin by discussing preliminaries and the im-
plied distributions on the proportions of variance and R? by shrinkage priors in Sec-
tions 2.1, 2.2 respectively. We proceed in Section 2.3 by introducing and describing
the GDR2 prior framework for high-dimensional Bayesian linear regression. To circum-
vent the limitations associated with the Dirichlet decomposition, we propose the use of
Logistic-Normal decompositions and its variants as an alternative in the decomposition
step of R?-based shrinkage priors in Section 2.4. Section 2.5 follows with a discussion on
hyperparameter specification, offering intuitive explanations for selecting hyperparame-
ters and exploring their effects on shrinkage. We believe this contribution is particularly
valuable, as hyperparameter specification for Logistic-Normal distributions is rarely ad-
dressed in the literature.

In Section 3, we present the results of simulation studies and real life experiments
conducted to evaluate the capabilities of the GDR2 prior. Our findings demonstrate that
allowing for richer dependency structures among variance components improves out-of-
sample predictive performance and parameter recovery. For these simulations and ex-
periments, we implemented our models in the probabilistic programming language Stan
(Carpenter et al., 2017; Stan Development Team, 2024), leveraging a parameterization
optimized for fast convergence and efficient Hamiltonian Monte Carlo sampling. We
also provide a Slice-within-Gibbs sampler for alternative usage in the Supplementary
Material (Aguilar and Biirkner, 2025). To validate our approach, we tested the GDR2
prior on three real-world benchmarks commonly used in the shrinkage prior literature.
Across all scenarios, the GDR2 prior consistently led to significantly improved results.
All code and replication materials are openly available on the Open Science Framework
(https://osf.io/ns2cv/).
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4 Generalized Decomposition Priors on R2

2 Methods

2.1 Preliminaries
Consider the linear regression model
Yn =b+en, n=1,...,N, (1)

where ¥, is the nth response value, x, is the K dimensional vector of covariates for
the nth observation, b = (by,...,bk)’ is the vector of regression coeflicients, and &,, ~
N(0,0?) is the residual error, with o being the residual standard deviation. Continuous
Global-Local (GL) shrinkage priors (van der Pas et al., 2016; Van Erp et al., 2019;
van der Pas, 2021) are a special type of continuous prior distributions that arise from
scale mixtures of normals (West, 1987). They take on the form

b | A7 72,0° ~ N(0,0°X37%), e ~a(\),k=1,...,K, T~n(r),0~n(0), (2)

where A represents local scales unique to each regression coefficient by, 7 denotes a
global scale shared across all coefficients, and 7(-) represents the corresponding (hyper)
prior distributions. Priors on b of the form (2) centered at zero are designed to shrink
each coefficient towards zero thus favouring more sparse solutions. These priors have
demonstrated empirical success among practitioners, and their theoretical foundations
justify their widespread application (Ghosh et al., 2019; Johndrow et al., 2020; Follett
and Yu, 2019; Kohns and Szendrei, 2024; Tadesse and Vannucci, 2021).

The choice of w(\;) and 7 (7) produces different GL shrinkage priors and will have
an important effect on their properties. Popular shrinkage priors include the Horse-
shoe (Carvalho et al., 2010), the Normal-Gamma (Griffin and Brown, 2010), General-
ized Double Pareto (Armagan et al., 2013), the Dirichlet-Laplace (Bhattacharya et al.,
2015), the Regularized Horseshoe (Piironen and Vehtari, 2017), and the R2D2 prior
(Zhang et al., 2020). The global scale 7 controls the overall sparsity, ideally represent
the proportion of true signals (Piironen and Vehtari, 2017; Van Erp et al., 2019; van der
Pas, 2021). The local scales A\ can either counteract or enforce the shrinkage towards
7Zero.

The amount of shrinkage exerted on each coefficient towards zero can be quantified
by studying the posterior distribution of the coefficients b given the scales A\, 7, o and the
observations y. The conditional posterior of the regression coefficients bis b | y, A\, 7,0 ~
./\/(l_), Eb), with mean b = E(b |y, \,7,0) = (X’X + l/TZA*I)le’y and covariance
matrix ¥ = o? (X’X + 1/7‘2/\_1)_17 where A = {M,..., A%} is the diagonal matrix
containing the local scales. If X is of full rank, then the conditional posterior mean
can be expressed as b = 72A (T?A + (X' X)) b where b is the Maximum Likelihood
Estimator (MLE). This representation highlights that the conditional posterior mean is
a shrunken version of the usual MLE estimate.

For illustration, consider X = I, i.e. the normal means problem (Stein, 1981; van der
Pas et al., 2016; Bhadra et al., 2017) and let ¢ = 1. In this case b = (1 — H)\%Tz) by, =
k

(1 — Kk)yk, where kg = H_ﬁ;)? The quantity ki serves as a shrinkage factor and
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allows us to assess how much shrinkage the prior exerts on the maximum likelihood
estimator of b (Polson et al., 2013; Bai and Ghosh, 2019; Bhadra et al., 2019; Aguilar
and Biirkner, 2023). Importantly, by an application of Fubini’s theorem, we can show
that E[bg | yx] = (1 — E[kk | yx]) yr, demonstrating that the posterior mean of by is at
most yi (Carvalho et al., 2010; Efron, 2011).

The prior on kj, is determined by the interplay between the priors on Ay and 7. Thus,
calibrating shrinkage requires careful consideration of these priors. Notably, for a fixed
value of 7, the definition of ki reveals that the posterior mean of by is influenced by
the value of the local scale \;. Small values of A\, will shrink b, towards zero, whereas
large values push the posterior mean of by towards the observation yg. If either 7 — oo
or A\ — oo then the MLE is recovered.

In general, a good shrinkage prior should possess the following characteristics
(Castillo and van der Vaart, 2012; Piironen and Vehtari, 2017; Van Erp et al., 2019;
Bhadra et al., 2019; van der Pas, 2021): 1) Heavy tails: Sufficient mass in the tails of
the prior is crucial to properly recover signals (i.e., truly nonzero coefficients). 2) Suf-
ficient mass near zero: Shrinkage priors should allocate enough prior mass near zero
in order to shrink redundant (truly zero) coefficients towards it. 3) Efficient and stable
sampling: While theoretical properties are important, designing shrinkage priors should
also consider efficient sampling from the posterior distribution.

Continuous GL shrinkage priors have gained popularity due to their capability to
discern noise from signals, while yielding solutions that avoid a search over the entire
space of models. They effectively shrink the influence of covariates considered unimpor-
tant towards zero while recovering the values of signals. This holds true even in scenarios
where the true vector of regression coeflicients b is ultra sparse (Bhadra et al., 2017;
Song and Liang, 2017; van der Pas et al., 2017). Since continuous GL shrinkage priors
cannot product ezact zero estimates, additional posterior variable selection is required
to induce sparsity in the posterior estimates, leading to a two step procedure: first per-
form inference of the GL shrunken model and second employ a decision rule to perform
variable selection (Bai and Ghosh, 2019; Piironen et al., 2020; van der Pas et al., 2017;
Zhang and Bondell, 2018; Pavone et al., 2020).

2.2 Implied Priors by the Local and Global Scales

Consider the linear regression model (1), where the covariates are standardized, such
that E(z) = 0 and var(z) = ¥x, with ¥x having a diagonal of ones. Assume a prior
distribution for the regression coefficients b such that E[b] = 0 and var(b) = o2A, where
A is a diagonal matrix with entries \?, ..., /\%(. The conditional variance of the linear
predictor z'b is given by (Gelman et al., 2020):

K

var(z'b) = o Z A7 (3)

k=1

We define the quantity w? = Ele A7 as the total variance. Equation (3) provides
insight into the prior distribution for the proportion of explained variance, R? (Gelman
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Figure 1: Shrinkage prior implied distribution for R? when considering the Horseshoe
prior for different values of 7, which is interpreted as the a priori proportion of signals.

et al., 2020), induced by a GL shrinkage prior. The proportion of explained variance is
defined as the square of the correlation coefficient between y and the linear predictor
x'b:

var(z'b) w?

R? = 2 'b) = = . 4
corr”(y, '0) var(z'b) + 02 w? 41 )

Thus, there is a one-to-one relationship between the priors set on R? and those implied
on w?. Specifying a prior for b and o implicitly defines a distribution for R%. For instance,
when by and o have weakly informative priors (Gelman, 2006a), as shown in Aguilar
and Biirkner (2023), the resulting prior for R? is highly concentrated near 1, even for
moderate values of K. To illustrate the case of shrinkage priors, assume X = I and use
the well-known Horseshoe prior (Carvalho et al., 2010), which is specified as:

b | Me ~ N(0,02), M\e | 7~ CT(0,7),7| 0 ~CT(0,0), (5)

where CT (0, 7) denotes a Half Cauchy distribution (Gelman, 2006a; Polson and Scott,
2012) with scale parameter 7. We assume a fixed value for 7 as a user-specified hyper-
parameter, rather than assigning it its own prior. As demonstrated by van der Pas et al.
(2016), it is crucial for 7 to reflect the proportion of signals in order to guarantee signal
recovery.

Figure 1 shows the implied distribution of R? when using the Horseshoe prior with
different values for 7. Interpreting 7 as the proportion of true signals, we observe that
for very low 7 values, the implied distribution of R? tends to concentrate near zero.
On the other hand, when a user believes that even a small proportion of the elements
in b are nonzero, i.e., 7 ~ 0.1, the distribution shifts toward one, indicating that the
Horseshoe prior is focusing on identifying signals.

A significant issue arises when, despite having a low prior expectation for the pro-
portion of nonzero coefficients, the model predicts high values of R?. This leads to
overestimation of the importance and magnitude of potential signals, which can con-
flict with user intuition about how the number and strength of signals relate to the
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proportion of explained variance. Such an overestimation could mislead the user into
thinking the model explains more variance than it realistically does, which could skew
model interpretation and decision-making. Moreover, controlling the properties of the
resulting distribution over R?, such as its mean and variance, becomes challenging, as
they are implicitly determined by the prior and the data. Given the total variance w? in
the model, we can compute the proportion of explained variability for each coefficient,

defined as
N
e .
> k=1 Ai

Since ¢, > 0 for all k=1,..., K and Zszl or = 1, the vector ¢ := (¢1,...,dK) lies in
the K — 1 dimensional simplex. Thus, the joint distribution of the A, values induces a
distribution on the simplex, represented stochastically by ¢. Understanding the implied
distribution of ¢ provides insights into how the total variance w? is distributed among
the coefficients and how they compete for it. This understanding can help determine how
much of the total variance is allocated to each coefficient, which is key for assessing model
fit and identifying influential predictors. For example, if we assume A, ~ Gamma (v, 1),
we obtain the Dirichlet distribution ¢ ~ Dirichlet(«r), where o := (a1,...,ak) is the
concentration vector (Lin, 2016). In this case, the correlations between the elements of
¢ are negative and determined by the mean of the distribution. As with the implicit
distribution for R?, specifying a prior on A does not necessarily give us direct control
over the properties of the implied distribution for ¢, except in certain special cases, such
as the one just mentioned.

b (6)

The emphasis on implied quantities that are more intuitive and user-friendly has
largely been overlooked in the shrinkage prior literature, with only a few notable ex-
ceptions (Zhang and Bondell, 2018; Zhang et al., 2020; Aguilar and Biirkner, 2023).
This oversight is understandable, as statisticians have primarily concentrated on de-
veloping robust automatic procedures capable of tackling complex tasks. However, we
believe that emphasizing the more intuitive perspective could not only enhance user
comprehension and the practical applicability of well-established shrinkage priors but
also inspire the development of new, innovative methodologies.

2.3 Generalized Decomposition R2 Priors

We have discussed how the specification of a shrinkage prior on the regression coefficients
b implies priors for interpretable quantities such as B? and ¢. It is equally insightful to
explore the reverse scenario, that is, establishing a prior over the proportion of explained
variance R? and the proportions of total variance ¢ to derive a prior over the regression
coeflicients b. This concept has been explored before to define prior distributions in the
context of additive regression models of varying complexity (Zhang et al., 2020; Aguilar
and Biirkner, 2023). However, they always considered ¢ ~ Dirichlet(-). While this choice
is certainly a reasonable one, it raises the question of what happens when ¢ follows a
distribution other than Dirichlet.

Employing alternative distributions for ¢ allow us to probe how the proportions of
total variance ¢,k = 1,...,K compete for the total variability w?. Left unattended
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Figure 2: Schematic of the GDR2 prior construction. First, a distribution is assigned to

R?, then its uncertainty is propagated to the regression terms via the simplex distribu-

tion of the proportions of explained variance. Finally, a distribution is used to allocate
variance to each regression term.

and without any proper control, this competition is naturally guided towards a certain
degree of negative dependence structures, i.e., if ¢ increases then ¢;,j # k decreases
since there is competition for a total quantity. Specifically, the Dirichlet distribution
shows this phenomenon (Aitchison, 1986; Kruijer et al., 2010; Lin, 2016). However, in
reality, specific (groups of) coefficients may compete differently for the total variabil-
ity than the Dirichlet would assume and allow for. Indeed, as we show in our simu-
lations and real-world case studies, other prior choices may lead to more favourable
results.

To this end, we introduce a prior distribution family that provides greater flexibility
in capturing the intricate relationships among the proportions of explained variance. We
call them Generalized Decomposition R2 (GDR2) priors. The main idea is schematically
presented in Figure 2. We begin by setting a prior over R?. According to Equation (4),
there exists a one to one relationship between R? and the total variability w?, immedi-
ately establishing a prior distribution on w?. Subsequently, we select a distribution for
the proportions of explained variance ¢ that can properly represent a desired depen-
dence structure. Afterwards, we shape the variances of the regression coefficients b, by
setting )\i = ¢pw?,i=1,..., K. Finally, we let by, follow a normal distribution centered
at zero with variance o2 A7.

We opt for a Beta distribution to characterize R? and we write R? ~ Beta(-,-).
The Beta distribution, offering various parametrizations (Kruschke, 2015), is chosen for
its flexibility. We specifically parametrize it in terms of the prior mean pg2 and prior
“precision” ¢g2 (also known as mean-sample size parameterization). This choice facili-
tates an intuitive integration of prior knowledge into the R? prior. The hyperparameters
WR2, pRr2 are interpretable expressions of domain knowledge that represent the existing
relationship between the included covariates and the response variable.

If (a1,a2) are the canonical shape parameters of the Beta distribution, then pgz =
aﬁﬁ@ and g2 = a; + az. This selection implies that w? follows a Beta-Prime dis-
tribution, with parameters pigz, g2, which we denote as w? ~ BetaPrime(ugz, ¢g2).
Figure 3 illustrates the flexibility that the Beta distribution can offer in expressing prior
knowledge about R2. The figure also depicts the corresponding Beta Prime prior for w?.
For instance, for values of (ugz, pg2) = (0.5,1), we obtain a bathtub-shaped prior on

R?, concentrating the majority of the mass near the extremes R? = 0 and R? = 1. This
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Figure 3: Beta and Beta Prime densities for various values of the prior mean pgr2 and
precision @ge.

prior behavior signals the user’s expectation of a model containing either a substantial
amount of either noise or signal, respectively.

Moving forward, the (probability) simplex of dimension K — 1 (K € N), is defined
as SK = {x € ]RK|Z,I§:1:5;C = l,z, > 0,k = 1,...,K}. Let p(¢ | v) represent
the chosen distribution for ¢ on the simplex S*, where v represents specific hyper-
parameters related to the chosen distribution. For example, in the case of the Dirichlet
distribution v = {a}. Although the Dirichlet distribution aids in providing analyti-
cal results, interpretation, computational efficiency, and alignment with common user
knowledge, it exhibits undesirable properties in practice, which we discuss further in
Section 2.4.

The next step is to specify a distribution for the coefficients that captures the
attributed variance for each regression coefficient by, given by A2 = ¢pw? for k =
1,...,K. To do so, we define bi|o, \, ~ N(0,0%A?), which integrates our prior into
the GL shrinkage prior framework, typically modeled as a scale mixture of normals
(West, 1987). In contrast, Bhattacharya et al. (2015) and Zhang et al. (2020) have
used double exponential distributions for by to express the attributed variances, al-
though the former did not account for the perspective of variance proportions. Ad-
ditionally, Aguilar and Biirkner (2023) adopted normal distributions to model the
attributed variances, offering a different approach to the distribution of the coeffi-
cients.

If model (1) includes an intercept by, the prior specification is simplified by setting
a prior on the centered intercept by, which is implied when E(z;) = 0. The original
intercept by can then be recovered after model fitting using a simple linear transforma-
tion (Biirkner, 2017; Goodrich et al., 2020). Common choices for priors on by include a
normal prior with mean E(y) and a user-chosen scale, which depends on the scale of y,
or Jeffrey’s prior, which is improper and flat in this case (Good, 1962). Next, we specify
a prior for the residual variance o (or equivalently the residual standard deviation o).
Following the recommendations of Gelman (2006b), we set a Half Student-¢ prior on o
with v degrees of freedom and scale 1. Consistent with Biirkner (2017) and Aguilar and
Biirkner (2023), we set n =~ sd(y), as both the prior’s expected mean and variance are
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proportional to 7. Together, the full GDR2 model is given by

K
Yn ~ N (pin,0?), un:bo—i—ankbb n=1,...,N,

k=1

bo ~p(-), bp ~N(0,0%¢0?), k=1,...,K, (7)
R2

w? = T—p ¢~ pe), R? ~ Beta(pgz, prz), o~ p(.).

While, in this paper, we focus on the linear regression case, the additive structure of the
prior readily allows its extension to linear multilevel models or other kinds of additive
models if desired.

2.4 Distributions on the Simplex

In this section, we explore potential distributions for ¢ defined on the simplex. While ex-
tensions of the Dirichlet distribution are often considered, we do not pursue them here,
as they share similar limitations (Connor and Mosimann, 1969; Barndorff-Nielsen and
Jorgensen, 1991; Ongaro and Migliorati, 2013; Chow, 2022). Instead, we draw on meth-
ods from Compositional Data Analysis (CDA) (Aitchison, 1986; Boogaart and Tolosana-
Delgado, 2013; Greenacre et al., 2023), Categorical Data Analysis (CatDA)(Agresti and
Hitchcock, 2005) and Correlated Topic Modeling (CTM) (Blei and Lafferty, 2007; Chen
et al., 2013), where the logistic normal distribution (and its variants) is the preferred
approach for analyzing simplicial variables.

The Dirichlet Distribution

The Dirichlet distribution is widely employed for modeling data existing in the sim-
plex (Gupta and Richards, 2001; Lin, 2016). A vector ¢ = (¢1,...,0x) € S fol-
lows a Dirichlet distribution with concentration vector a == (a,...,ax),ar > 0,k =
1,..., K if its density has the following form:

p(ola) = — D@D TT gty e s, (®)
Hk:l F(ak) k=1

K . s .
where oy = >, ; ag. The mean and covariance of the distribution are respectively

expressed as: E(¢y) = g‘—i =: & and cov(¢y, ¢;) = ‘S’”Cﬁ%, where d; is the Kro-
necker delta function. If k # j, then cov(¢y, ¢;) = ;i’f‘f < 0 for all k, j. Once the mean

vector & is chosen, only the scalar a; remains to express the entire variance-covariance
structure. In particular, the covariance function is always proportional to the product
of the corresponding means.

The Dirichlet distribution gained prominence during the conjugate prior era, as it
serves as the conjugate prior for the multinomial likelihood (Ongaro and Migliorati,
2013; Lin, 2016; Wang and Polson, 2024). Its interpretability is another advantage, the
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hyperparameters ay, can easily be interpreted in relation to the distribution’s behavior.
In particular, the quantity &y = E(¢x) represents the relative a priori importance of the

kth element ¢y. To illustrate, consider o = (1,...,1)’, which gives a distribution that is
flat over all possible simplexes, leading to a suitable choice in the absence of additional
prior knowledge. Generally, setting o = (ay,...,a,)" with a concentration parameter

ar > 0 (i.e., a symmetric Dirichlet distribution) drastically reduces the number of
hyperparameters to specify and allows us to globally control the shape of the Dirichlet
distribution with a single value. A symmetric Dirichlet distribution is useful when there
is no prior preference that favors one component over another. Values a,, < 1 concentrate
mass on the edges of the simplex, while a, > 1 results in concentration around the
center of the simplex. The user can also specify asymmetric Dirichlet distributions by
choosing different values for the individual a. This represents different a priori expected
importance of the corresponding components.

A major limitation of the Dirichlet distribution is its inherent lack of flexibility in
modeling dependencies among the elements of ¢. Its covariance structure is determined
entirely by the mean, restricting the ability to specify custom dependency structures
for simplex data. Moreover, the sum-to-one constraint induces negative correlations be-
tween components, making the Dirichlet unsuitable for scenarios where components may
exhibit positive correlations (Connor and Mosimann, 1969; Wong, 1998). Even many
complex negative correlation patterns cannot be accurately captured, further highlight-
ing the limitations of the Dirichlet distribution in accommodating diverse dependency
structures.

From a technical perspective, the Dirichlet distribution imposes additional con-
straints that limit its applicability. It requires properties such as closure under marginal-
ization and conditioning, as well as complete subcompositional independence. This last
property implies that all renormalized subsets of ¢ are independent of each other (Aitchi-
son, 1986). Subcompositional independence has been widely criticized, as it imposes
1/2K (K — 3) constraints on the covariance structure, rendering the Dirichlet implausi-
ble for most real-world applications (Aitchison and Shen, 1980; Aitchison, 1986; Ongaro
and Migliorati, 2013). These limitations make the Dirichlet unsuitable for modeling com-
plex or realistic dependency structures, necessitating more flexible alternatives like the
Logistic Normal distribution, which we present below.

The Logistic Normal Distribution

The logistic normal distribution, proposed by Aitchison and Shen (1980) offers a solu-
tion to overcoming limited correlation structures. The core concept involves mapping
a multivariate normal random variable defined from RX into the K — 1 dimensional
simplex S¥ by the use of log ratio transformations, as described below. This approach
enables researchers to make use of well known established techniques for multivariate
analysis in the unbounded real space and then seamlessly transforming the results into
the simplex (Aitchison, 1986; Pawlowsky-Glahn and Buccianti, 2011).

Let ¢ € S¥, the additive log-ratio (alr) transformation, relative to the Kth com-

ponent, is defined as: n=alr(¢) = (ln ((f—ll{) ,...,In (%)) € RE~! (Aitchison and
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Shen, 1980). This transformation establishes a one-to-one correspondence between the

(fK ), allowing any statement about
the components of the simplex to be equivalently expressed in terms of these log-ratios
(Aitchison and Shen, 1980; Aitchison, 1986). By mapping compositional data into the
unconstrained real space REX !, the difficulties associated with working in a constrained

space are effectively removed.

elements of the simplex and the log-ratio vectors In (

The alr transformation is inherently asymmetric since the log-ratios require a refer-
ence component. The last component ¢ is usually chosen as reference, but any com-
ponent can be selected based on interpretability or practical considerations (Aitchison,
1986). Guidelines for choosing the reference component have been proposed (Greenacre
et al., 2023), but in general, practitioners of compositional data analysis (CDA) and cor-
related topic models (CTM) recognize that the choice of reference has minimal impact
on results or inference (Pawlowsky-Glahn and Buccianti, 2011; Boogaart and Tolosana-
Delgado, 2013; Greenacre et al., 2023).

The inverse alr transformation is defined by the standard logistic (softmaz) trans-

formation with a fill-up term for the reference component: ¢, = %,k =
=1

1,...,.K—1,,¢g = 1— ZkK:_ll ¢r. We say that ¢ € SK follows an additive logistic
normal (ALN) distribution if = alr(¢) follows a multivariate normal distribution in
RX =1 The density of the ALN distribution is given by (Aitchison, 1986):

K -1 1
p(@lu, B)| = 27571/ (H qsk) exp {—5 [alr(¢) — )" 27 [alr(¢) — m} )

k=1

We denote this as ¢ ~ ALR(p,Y), where p and ¥ depend on the chosen reference
component.

A symmetric representation for ¢, independent of a reference component, can be ob-
tained by starting from the unconstrained space and mapping into the simplex. Specif-
ically, let  ~ Nk (u,Y) and apply the symmetric logistic transformation:

enk
bp = —

Zj:l eli ,

In this case, ¢ is said to follow a (symmetric) Logistic Normal (LN) distribution with
parameters p, Y., denoted as LogisticNormal(u, Y). For identifiability, either the con-

k=1,... K. (10)

straint Zszl e = 0 or nxg = 0 can be imposed, the latter being equivalent to the
ALR (Bishop, 2006; Blei and Lafferty, 2007; Goodfellow et al., 2016). If we consider the

sum-to-zero constraint, then 7, = In (%), where g(¢) denotes the geometric mean of
o.
Importantly, ¥ = (0y;),¢,7 = 1, ..., K, represents the covariance structure of the log-

ratios, not of the raw proportions cov(¢;, ¢;). If one chooses to model ¢ using either the
ALR or LN distribution, transitioning between them is entirely feasible via a straight-
forward linear relationships that we show in the Supplementary Material (Aguilar and
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Biirkner, 2025). This flexibility allows researchers to select the representation most
suited to the practical requirements of their analysis.

While moments of all non-negative orders, E (H,ﬁil d)Z““) ,mg >0, k=1,... K,
exist, their expressions are not reducible to simple analytic forms (Aitchison and Shen,
1980; Frederic and Lad, 2008; Holmes and Schofield, 2022). Nonetheless, when analyzing
quantities in the simplex, it is customary to study ratios or logarithms of ratios of sim-
plex components rather than raw proportions (Aitchison, 1986; Boogaart and Tolosana-
Delgado, 2013; Pawlowsky-Glahn and Buccianti, 2011; Creus-Mart{ et al., 2021). The
primary motivation for this is the so-called coherence requirement in compositional
data analysis, which ensures that the relationships between components remain consis-
tent and interpretable, whether considering the full composition or its subcompositions
Greenacre et al. (2023). Coherence is especially important since the constant-sum con-
straint in compositional data implies that changes in one component inherently affect
all others.

Let o4k 51 = cov (In (¢;/¢x) ,In (¢;/¢1)) represent the covariance of log-ratio quanti-
ties, then the following key relationships hold:

E{In(¢;/ér)} = 1j — piks Tikyjt = Oij + Okt — Ot — Tk (11)

Thus, the mean vector p and covariance matrix 3 fully determine the expectations
and pairwise covariances of log-ratio quantities. This implies that no recalculations are
necessary when transitioning between different log-ratio representations, as all relevant
information is encoded in p and X. Moreover, one can derive u and ¥ directly from
knowledge of any pair of log-ratio quantities, and vice versa (Aitchison, 1986). We
explore these parameters in greater detail in Section 2.5, where we incorporate the LN
distribution as a prior for ¢ within the GDR2 framework.

2.5 Hyperparameter Specification in GDR2 Priors

As explained in Section 2.3, the Beta prior for R? can be parametrized in terms of the
prior mean pugr2 and precision @grz2. In cases where the user has limited prior knowledge,
a flat distribution over the unit interval can be specified by setting (ugz, ¢r2) = (0.5, 2).
Alternatively, a bathtub-shaped distribution can be chosen with (ug2,@gr2) = (0.5,1),
which places more mass on extreme values of R?. This reflects a prior belief that either
there is no relationship between the response and the covariates, or that the covariates
fully explain the variability in the response. An application of the law of Total Variance
shows that var(b) = E[var(b | ¢,w?)] + var[E(b|¢,w?)] = E(w?)E(cov(¢)). Thus, the
hyperparameters selected for w? can control the tail behavior of by, potentially inducing
infinite variance and heavy tails in its marginal distribution. This configuration enhances
sensitivity to detecting signals.

As discussed in Section 2.4, we let ¢ follow either a Dirichlet or an LN distribution.
When setting ¢ ~ Dirichlet(«) the GDR2 prior is equivalent to the R2D2 prior (Zhang
et al., 2020) for non-hierarchical models, except that by follows a normal distribution
rather than a Double Exponential. The former scenario has been explored by Aguilar
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and Biirkner (2023), who show that if ¢ ~ Dirichlet(a) with a = (ay,...,ar), then a,
determines the behavior of the marginal distribution of b; near the origin. Thus, a, can
be theoretically chosen to tailor the properties of the marginal distribution of bg. As an
alternative, the elements of o can be elicited from subject matter experts to represent
the a priori relative importance of covariates — although we consider it very hard elicit
such knowledge for high-dimensional problems.

If ¢ ~ LogisticNormal(u, ), the prior specification involves defining the mean vec-
tor p and covariance matrix ¥ for the log-ratios. Setting px = 0 Vk (Equation (11))
encodes the belief that all proportions ¢, are equally weighted, expressing no prefer-
ence for any specific component. To assign equal weights to a subset of proportions,
i; = ¢ can be specified for i € I C {1,..., K — 1}. If the proportions can be grouped
into G mutually exclusive sets I, C {1,..., K — 1}, group-specific weights ¢, may re-
flect their relative importance, enabling the inclusion of prior hierarchical or structural
information.

To better understand the effect of assigning values to p, consider the symmetric
logistic mapping in Equation (10) and assume ¥ = J;I . Setting i = ¢ Vk is equivalent
to pp = 0, as the logistic mapping is shift-invariant (Bishop, 2006). This choice reflects
a lack of prior knowledge about relative importance and by symmetry it can be shown
that E[¢x] = 1/K. When pp = ¢y, proportions will differ depending on the sign of cg;
components with ¢, > 0 will, on average, be larger, while those with c; < 0 smaller. To
see this, let R, = e and S =Y. e". Using a first order Taylor expansion around the
mean, we can approximate (Stuart and Ord, 2009):

ek E[Rk] eaﬁr% eCk
E[¢k] =E I = 2 ) (12)
(Zj e"1> E[S] Zj eCit e Zje 3

where we compute the expectations by noting that Ry, follows a log normal distribution.
This argument extends to a diagonal covariance matrix X with different scales o;; whose
values interact with c¢; to redistribute mass in favor or against ¢y.

The relationship becomes more complex for a general ¥ and p. While a Taylor
expansion provides an approximation,! it relies on the term Cov(Ry,S), which lacks a
closed-form solution, requiring Monte Carlo methods for estimation. While this offers
insights into the interaction of key quantities that determine the marginal expectation,
its added complexity may outweigh its utility. Our experiments in Section 3 show that,
setting pxr = 0 is a robust default choice in the absence of prior knowledge, balancing
simplicity and performance. The specification of ¥ can be understood by analyzing the
implied prior on the norm of n (the log ratios) and how this translates to the simplex.
We first consider the case of a diagonal u = 0,% = o3I. Let n ~ N(0,071), since 7
is a sub-gaussian variable with independent entries (Giraud, 2014; Vershynin, 2018),
[n]| concentrates around v/Ko . Specifically, the following two-sided tail bound holds:

2,2
P (‘ —\/H%‘j — 1‘ > t) < 2exp (— K;gt ) for a constant C' > 0. We illustrate this behavior
®
in Figure 4.

lsee Supplementary Material (Aguilar and Biirkner, 2025).
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Figure 4: Implied distribution on the norm of a Multivariate Normal as the dimension
K increases. The red line shows the value v Koy, which is the point of concentration,
where K is the number of covariates and oy = 1.

The user-specified o, defines bounds for the norm of the logits, setting a “budget”
that can be distributed across them. For o4 — 0, the logits concentrate near zero,
resulting in ¢, — 1/K. Conversely, as o increases, the logits spread further, increasing
the quota for ||n||. If u # 0, nonsparse elements will be determined by the locations in
which pg # 0, especially if the budget is low.

The choice of o, balances the variability in the simplex as K grows. Setting o4 =
Vv/K,v > 0 ensures that ||]|> ~ v, maintaining a consistent magnitude for the log-
its regardless of K. Alternatively, choosing 04 = /7 (independent of K) allows the
logits’ norm to grow proportionally to VK, introducing greater variability. This vari-
ability interacts with p to influence how mass is distributed across ¢j. For scenar-
ios where sparsity is critical, setting oy = /log(K)/K slows the growth of the log-
its’ norm, preventing excessively large values and reducing variability. This encourages
sparse distributions, with mass concentrated at locations dictated by p. Such a setup
is particularly effective in high-dimensional settings. Users must carefully consider the
interaction between p and o4. Lower values of o4 concentrate the mass of ¢ at posi-
tions where p has higher values, promoting focused distributions. In contrast, higher
values of o4 introduce variability, allowing for more diffuse distributions across the
simplex.

When ¥ incorporates non-zero correlations, deriving a general inequality for the
concentration of measure of ||7|| becomes significantly more complex. We do not ex-
plore this case further, since we consider the intuition provided by o, sufficient for
practical specification. However, if users have prior knowledge about how the vari-
ables are correlated, they can include this information via a correlation matrix (g,
using the decomposition ¥ = DyQ¢Dy, where Dy is a diagonal matrix containing the
scales, and )4 is a correlation matrix. For example, if the coefficients are ordered and
proportions are expected to be similar for adjacent variables, one might use an au-
toregressive correlation structure. Alternatively, for cases where groups of variables ex-
hibit distinct interdependencies, a block correlation matrix may be appropriate. This
flexibility allows users to encode meaningful structural relationships directly into the
prior.
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Prior Matching

An alternative approach to specifying the hyperparameters of the LN distribution is
to draw upon theoretical insights and practical experience from the ¢ ~ Dirichlet(a)
case. Specifically, we propose using the Dirichlet distribution as an initial guide to de-
termine the hyperparameters of the LN distribution. Our method involves defining a
Dirichlet distribution that captures the desired theoretical and practical characteris-
tics of the prior. Then, we minimize a divergence measure between the Dirichlet and
LN distributions. This automated process, which we term prior matching, provides a
systematic way to derive the prior mean and covariance matrix for the LN distribu-
tion.

Prior matching simplifies the complex task of specifying LN hyperparameters by us-
ing the more analytically tractable Dirichlet distribution as a reference. While the LN
distribution offers increased flexibility compared to the Dirichlet, its analytical proper-
ties can be challenging to study, particularly in the context of shrinkage priors. Prior
matching mitigates these challenges, automating the derivation of the LN’s prior mean
and covariance matrix for improved efficiency and user convenience. Exact matching is
not the ultimate goal, as our objective is to develop priors that outperform the Dirich-
let. Prior matching serves as a starting point, enabling users to leverage the unique
flexibility of the LN distribution. For instance, the LN distribution addresses a critical
limitation of the symmetric Dirichlet distribution: sampling difficulties and numerical
instability as a; — 0.

As divergence metric for prior matching, we propose to use the Kullback Leibler (KL)
divergence (Kullback and Leibler, 1951). The KL divergence between two probability

distributions £, g is defined as KL (f|lg) = E, [m (f <m>)} = [* In (M) f(x)da.

g(z) o g(z)
To find the LN distribution that best approximates a given Dirichlet distribution, we
minimize the KL divergence between them. Letting f ~ Dirichlet(«) with « fixed and
g ~ LogisticNormal(u, X)), the optimal LN parameters are obtained by solving: p*, ¥* =
argmin,, 5y KL (f||g). The closed form solution is given by

p = 0(an) —d(ak), o5, =elar) +elak), k=1,.... K, op; =elax) (k#j), (13)
where 0(z) = 1;/((;)) and e(x) = ¢'(z) are the digamma and trigamma functions re-
spectively (Aitchison and Shen, 1980; Aitchison, 1986; Jeffrey et al., 2007). Given their
analytical form, these quantities can be computed instantly, adding no computational
overhead to the procedure. While other divergence measures could be considered, the
closed-form solution for the KL divergence offers a clear advantage in terms of both
practical applicability and computational efficiency.

To exemplify KL matching, consider a symmetric Dirichlet distribution with a single
hyperparameter a,. The value of a, controls the amount of shrinkage induced by the
R2D2 prior (Aguilar and Biirkner, 2023). When a, < 1/2 the prior will be unbounded
near the origin, leading to strong shrinkage towards zero. Users who wish to replicate
this shrinkage behavior in the LN distribution can propose a value of a, < 1/2 and
use Equation (13) to calculate the corresponding LN hyperparameters: py = 0, 0 =
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Figure 5: KL divergence between a symmetric Dirichlet distribution (parameter a,) and
the closest logistic normal distribution as a, and the number of covariates (K) vary.
KL divergence decreases monotonically with a,.

2¢(ar), and ox; = e(ax). As ar increases, the KL divergence between the Dirichlet
and LN distributions decreases (Aitchison, 1986). When a, — 0, the KL divergence
increases significantly since the Dirichlet allocates mass along the simplex edges, a
challenge for the LN distribution to approximate, given that it is defined within the
simplex’s interior. This is illustrated in Figure 5 for varying values of a, and different
dimensions K.

A straightforward modification to KL matching involves discarding the correlations
in the derived X*, using only its diagonal elements to create a diagonal covariance ma-
trix £*. In this case the scales 07, = 2¢(ax),Vk and cor(n;,n;) = 1/2,i # j. In high
dimensional settings, it is unrealistic to expect such correlations as a default, as we typ-
ically anticipate only a small number of signals (Tosh et al., 2022). Extracting only the
scales, while discarding the correlations, is sensible since this type of correlations may
be rendered as noise or irrealistic in high dimensions. The deviation between %* and
>* can be quantified by the KL divergence in log-ratio space. In the case where ¥* is
obtained through KL matching with a symmetric Dirichlet distribution with hyperpa-

rameter a,, the value of divergence has a simple form: % In (f%) , which is independent

of ar.

We conclude this section by noting that discussions on selecting hyperparameter
values for the Logistic Normal distribution as a prior are limited, and practical guidance
is often scarce. Researchers often prefer to set priors over the hyperparameters (Blei
and Lafferty, 2007; Mimno et al., 2008; Xun et al., 2017), either by using priors of the
form p | ¥ ~ N(po,7X) with ¥ | W ~ InverseWishart(§, W—1) (Chen et al., 2013),
or by employing a Variational Approximation to the posterior distribution, where the
variational family assumes a diagonal structure for ¥ (Blei and Lafferty, 2007; Blei
et al., 2017). However, these methods often lack sufficient discussion on the choice
of hyperpriors for the hyperparameters. In this work, we opted not to explore these
approaches due to their added computational complexity, comparable performance with
fixed hyperparameters, and the limited understanding of how such specifications interact
with shrinkage priors in fixed-sample settings.
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3 Experiments and Case Studies

We conducted simulation studies to assess the performance of our generalized R2 priors
under various conditions commonly encountered in practical scenarios. These investiga-
tions provide insights into how the priors behaves with finite samples and explores
different possibilities for the total variance decomposition. Additionally, we present
case studies utilizing real-world datasets that are commonly used as benchmarks for
shrinkage priors. The shrinkage priors considered in our simulations include the Beta
Prime, Dirichlet-Laplace, Horseshoe, and the proposed GDR2 model, which incorpo-
rates Dirichlet and Logistic Normal decompositions. While these priors provide a useful
context for comparison, our primary focus is on the GDR2 model, particularly its vari-
ance decomposition mechanisms. Results for the other priors, evaluated using their
default settings, are detailed in Aguilar and Biirkner (2025). Notably, the GDR2 model
demonstrates on par performance to these well-established priors and even outperforms
them in specific scenarios. This highlights the robustness of GDR2 and underscores the
flexibility and potential of decomposition-based approaches.

All models were implemented in the probabilistic programming language Stan (Car-
penter et al., 2017; Stan Development Team, 2024), which provides an extended imple-
mentation of the No-U-Turn Sampler (NUTS) (Hoffman and Gelman, 2011), an adaptive
form of Hamiltonian Monte Carlo (HMC) (Brooks et al., 2011). The Stan code for the
GDR2 prior is included in the Supplementary Material (Aguilar and Biirkner, 2025),
and all associated data and code can be found in https://osf.io/ns2cv/.

3.1 Simulations
Generative Models

We use model (1) as a generative model in our simulations, adapting it to accommodate
various forms of data encountered in practice, including diverse levels of sparsity and
different dependency structures among the covariates. The design matrix X was sampled
from a multivariate normal distribution with mean 0 and covariance matrix X, derived
from an AR(1) correlation structure with p, € {0,0.8}. The intercept by was drawn
from a normal distribution with mean zero and variance o7 = 4. We fixed the sample
size at N = 100, and varied the number of regression coefficients K € {50, 150,750}
to represent both low-dimensional (K < N) and high-dimensional (K > N) scenarios.
The residual standard deviation o was adjusted using Equation (4) to maintain the true
explained variance R3 € {0.25,0.6}.

The regression coefficients by, were generated in two ways: 1) Simulated Coefficients:
Coefficients were sampled from a normal distribution with zero mean and covariance
3. Two forms of ¥, were considered: (A) diagonal with o = 9, and (B) AR(1) with
autocorrelation p, = 0.8 and diagonal elements o7 = 9. Sparsity was induced by setting
each coefficient to zero with probability v = 0.75, reflecting real-world scenarios where
coefficients arise from random processes (Bhattacharya et al., 2015; Griffin and Brown,
2010, 2013). 2) Fized Coefficients: This setup is akin to examples encountered in the
shrinkage prior literature (Carvalho et al., 2010; Griffin and Brown, 2010; Bhattacharya
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et al., 2015; Zhang et al., 2020). We place concentrated signals b* € {3,7} in specific
locations of the coefficient vector b. The first 5 and the last 5 elements are set to b*,
while all others are set to 0.

We have specified Dirichlet and symmetric Logistic Normal distributions for the
proportions of total variance ¢. Two hyperparameter configurations for R? were tested:
default (g2, pr2) = (0.5,1) and uniform (0.5,2). When let ¢ follow a symmetric Dirich-
let distribution with concentration parameter a, € {0.5,1}. The default case a; = 0.5
encourages shrinkage by pushing mass toward the edges of the simplex, whereas the
“uniform” case a, = 1 reduces shrinkage. When a, < 0.5, the marginal prior distri-
butions of the coefficients by, become unbounded near the origin, enforcing sparsity by
shifting mass to the simplex edges (Aguilar and Biirkner, 2023).

To specify the hyperparameters of ¢ ~ LogisticNormal(u, X), we used KL matching
(Section 2.5), referring to the outcome as Full KL. Specifically, for a, = 0.5, we set
pr =0, o, =, and oy,; = @71’; forar, =1, weset ux =0, o = T?’?T, and o; = %77,
both yielding pairwise correlations of 0.5. We also consider a variant restricting >* to
a diagonal matrix, termed Scales KL. Table 1 summarizes the decompositions.

As discussed in Section 2.5, the marginal distributions of ¢ for the Logistic Normal
(LN) priors may exhibit spikes around 1/K as K increases and p = 0. When using
diagonal covariance matrices, the LN prior allows for greater variability in the marginals,
providing more flexibility, serving as a less informative prior in comparison. If prior
knowledge about the location of strong signals exists, this should be encoded in u.
In this study, we mimic complex scenarios with minimal prior knowledge about the
coefficients to test the prior under such conditions.

We crossed the default and uniform hyperparameter specifications for R? and a.,
resulting in four hyperparameter specifications. We present a subset of the results for the
default-default case (g2, ¢r2,a-) = (0.5,1,0.5) and show others in the Supplementary
Material (Aguilar and Biirkner, 2025). Additionally, we include results for an informative
case in the fixed coefficient setup in Supplementary Material (Aguilar and Biirkner,
2025), where « is constructed in a way that incorporates strong user knowledge to
emphasize important signals, matching the locations of the signals. This helps assess
the extent to which both decompositions benefit from user-provided information.

After fully crossing all conditions, we obtained a total of 192 different simulation
configurations. For each configuration, we generated T' = 100 datasets consisting of N =
100 training observations y,, n = 1,..., N. Predictive metrics (discussed below) were
computed based on Niest = 500 test observations, which were generated independently

Name Label Distribution Details

Dirichlet D2 Dirichlet Q= Gr
Full KL LNF  logistic normal p*,¥* from KL matching
Scales K. LNS logistic normal p*,diag(X*) from KL matching

Table 1: Different decompositions that are considered in the simulations.
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from the training data using the same data-generating mechanism. The simulations were
carried out on the Linux HPC Cluster (LiDO3) at TU Dortmund University.

Evaluation Metrics

We evaluated and compared the performance of the models based on two criteria: out-
of-sample predictive performance and parameter recovery (Vehtari and Ojanen, 2012;
Robert, 2007). Out-of-sample predictive performance was assessed using the expected
log-pointwise predictive density (ELPD) (Vehtari and Ojanen, 2012), computed on the
test data as ELPD = vazl In (% Zle p(yi|9(s))), where 6(*) represents the sth poste-
rior draw for s = 1,...,S. The ELPD quantifies predictive accuracy across the N data
points, evaluating the quality of the overall predictive distribution. A higher ELPD
value indicates better out-of-sample predictive performance. Log probability scores,
such as ELPD, are often recommended as a general-purpose metric when there is no

specific reason to use an alternative (Vehtari and Ojanen, 2012; Vehtari et al., 2016,
2022).

Parameter recovery was evaluated using the posterior Root Mean-Squared Error

2
(RMSE), calculated as RMSE = & S \/% PO (b,(:) - bk) , where b{™ represents

the sth posterior draw for £ = 1,..., K, and by denotes the true value of the kth re-
gression coefficient. The RMSE serves as a comprehensive measure of estimation error,
naturally capturing the tradeoff between bias and variance. In our analysis, we compute
three versions of RMSE: (1) Averaged over all coefficients, (2) only over the truly zero
coefficients, (3) only over the truly nonzero coefficients. To provide a more compre-
hensive evaluation of the posterior inference properties, we assess the coverage of 95%
marginal credible intervals for each approach based on average interval width, coverage
proportion, specificity, and sensitivity. We also present Receiver Operating Characteris-
tic (ROC) curves. These results are presented in the Supplementary Material (Aguilar
and Biirkner, 2025).

To compare multiple models based on a metric of interest F (e.g., ELPD, RMSE),
we computed the difference relative to the best-performing model for a given dataset.
Let {mg,...,m;} represent the set of models, and denote the best model with respect
to F by m*. The Delta metric, AF;, for the ith model is defined as AF; = F(m;) —
F(m*), where i = 1,...,l. This approach highlights differences between models while
accounting for variations caused by randomness in the simulated datasets, thus focusing
the evaluation on meaningful distinctions.

Metrics for diagnosing and evaluating the Markov Chain Monte Carlo (MCMC)
sampler, including Effective Sample Size (ESS) and Rhat (Geyer, 1992; Brooks et al.,
2011; Vehtari et al., 2021), are provided in the Supplementary Material (Aguilar and
Biirkner, 2025). Overall, the results indicate effective sampling from the posterior, as
ESS values are sufficiently high and Rhat values fall within acceptable ranges. Addition-
ally, all models demonstrate comparable computational efficiency, with similar runtimes
observed across the board.
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Figure 6: Simulated coefficients setup. AELPD evaluated on test datasets of size
N = 500.

Results: Simulated Coefficients Setup

We present results for the scenario where the coefficients are generated with an AR(1)
correlation structure, characterized by p, = 0.8 and marginal variances o7 = 9, along-
side an average sparsity of v = 0.75. In real-world applications, it is reasonable to
encounter clusters of coefficients that are correlated with each other, even though these
correlations do not necessarily translate into significant effects on the response variable.
Figure 6 shows the distribution of AELPD across simulations under various conditions,
visualized as violin plots with embedded boxplots (Hintze and Nelson, 1998; Stryjewski,
2010). The results demonstrate that Logistic Normal (LN) decompositions consistently
outperform their Dirichlet counterparts. Notably, the LN priors exhibit the best aver-
age performance across all scenarios. The LNS version is the clear winner in predictive
performance.

Figure 7 depicts the distribution of ARMSE across various simulation conditions.
Similar to predictive performance, the LN priors demonstrate the most robust parameter
recovery among the competing R?-based models, regardless of the values of p, R?, or
K. The overall RMSE results reflect a balance between the model’s posterior error for
truly zero and nonzero coefficients. To explore this further, Figure 7 separately illustrates
ARMSE for truly zero and nonzero coefficients.

These results suggest that LN decompositions achieve more effective shrinkage com-
pared to Dirichlet counterparts, reducing false positives and improving the detection of
truly zero coefficients. Dirichlet decompositions impose less shrinkage, which can result
in poorer performance when coefficients are truly zero. The trends for nonzero coeffi-
cients are similar. Of particular note is the case with K = 750, a challenging scenario
where shrinkage priors are expected to overshrink. In this high-dimensional setting, LN
decompositions show improved behavior when moving from p = 0 to p = 0.80. This
improvement is also present when transitioning from a low signal (R? = 0.25) to a mod-
erate signal (R? = 0.60). Overall, LN decompositions offer a more robust and adaptable
approach to shrinkage in sparse, high-dimensional contexts.

In summary, using a zero mean vector and a diagonal covariance matrix for LN
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Figure 7: Simulated coefficients setup. Violin plots with embedded box plots for
ARMSE under different simulation conditions. ARMSE has been partitioned with re-
spect to truly zero and nonzero coefficients.

priors appears to be an effective strategy, particularly when prior knowledge about
relationships between coefficients is limited—a common scenario in practice. These
results highlight the potential of LN-based approaches as robust default alternatives
to Dirichlet-based shrinkage priors. Even with default parameter settings, LN priors
demonstrate competitive or superior performance across diverse scenarios.

Results: Fixed Coefficients Setup

We show the results when the fixed value is equal to 3. Figure 8 reveals that the LN
decompositions consistently excel in out-of-sample predictive performance when com-
pared to the Dirichlet counterpart. The LNS stands out as the most efficient predictive
model. The most pronounced disparities emerge in scenarios characterized by high cor-
relation and dimensionality (p = 0.8, K = 750), where the performance of the Dirichlet
prior is notably subpar. The results for ARMSE for all of the coefficients and the zero
coefficients behave similarly to the simulated coefficients setup. The LN decompositions
perform clearly and uniformly better the Dirichlet for all the coefficients and for the
zero coefficient only. This indicates again that LN decompositions are better at both
overall RMSE and noise detection. We only show the case for nonzero coefficients in
Figure 9. A complete overview over the other cases is available in the Supplementary
Material (Aguilar and Biirkner, 2025).

The Dirichlet decomposition excels only in the in low-signal, high-correlation set-
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Figure 8: Fixed coefficients setup. AELPD evaluated on the test datasets for the
fixed coefficients when the signal have a value of 3.
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Figure 9: Fixed coefficients setup. ARMSE for truly nonzero coefficients.

tings. LN decompositions achieves better performance in all other scenarios. These
results suggest that the effectiveness of LN decompositions could be enhanced even
more by incorporating prior structure that mitigates correlations in the design matrix.
If we focus on the p = 0.8, K = 750 case in both Figures 8 and 9, we can see that
there is a tradeoff between out-of-sample predictive performance and detecting signals
in that case. The Dirichlet lacks sufficient shrinkage (worsening out-of-sample predic-
tions), while the LN may overshrink some signals but improves them overall.

3.2 Real-World Case Studies

We assess the predictive performance of our proposed prior using three high-dimensional
real-world datasets, each with distinct correlation structures among covariates. The Ce-
real dataset contains starch content measurements for 15 observations with 145 infrared
spectra predictors, sourced from the R package chemometrics (Filzmoser, 2023). The
Cookie dataset includes fat content measurements from 72 samples with 700 Near -
infrared spectra predictors, originally introduced by Osborne et al. (1984) and available
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Figure 10: Histograms of pairwise correlations of the covariates of the different datasets
being considered.

in the orphaned ppls R package (Boulesteix, 2014). The Multidrug dataset, derived from
a pharmacogenomic study on drug concentration and gene expression (Szakécs et al.,
2004), comprises 60 observations and 853 covariates after removing missing values. The
Cereal and Multidrug datasets have been analyzed in prior work on shrinkage priors
(Polson and Scott, 2011; Griffin and Brown, 2013; Zhang et al., 2020), while the Cookie
dataset has been studied in Osborne et al. (1984); Ghosh and Ghattas (2015); Zhang
et al. (2020). These datasets exhibit varied predictor dependencies: mixed correlations
in Cereal, strong positive correlations in Cookie, and low-to-moderate correlations in
Multidrug (Zhang et al., 2020), as visualized in Figure 10.

We use ELPD to quantify out-of-sample predictive performance. Since we don’t have
an independent test set available, we use cross-validation to estimate out-of-sample
ELPD as follows: We split each dataset into training and test sets, with 75% of ob-
servations used for training and the remaining 25% for testing. We repeat this 100
times and use the resulting ELPD values, which are subsequently summed to obtain an
overall ELPD estimate. We compare the performance of the Dirichlet, LNF, and LNS
decompositions with specific parameter settings, namely (pugz, pgz,ar) = (0.5,1,0.5).

We summarise the results in Table 2. LNS consistently demonstrates superior ELPD
performance compared to both Dirichlet and LNF across the diverse datasets. The latter

Dataset Cereal (N =15, K = 145) Cookie (N =72, K =700) Multidrug (N = 60, K = 853)

Model AELPD (SE) AELPD (SE) AELPD (SE)
LNS 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
LNF —101.4 (85.1) —673.1 (471.5) —2950.4 (743.8)
D2 —96.8 (42.2) —518.9 (274.4) —5464.2 (794.7)

Table 2: Differences in ELPD and standard deviations for the different datasets consid-
ered, computed through pairwise comparisons with the model having the highest ELPD
(in the first row). The initial value is zero, and subsequent rows display negative values
that indicate the difference with the best model (Vehtari et al., 2023). See Vehtari et al.
(2016) for details on standard error calculations.
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two priors clearly differ from each other only for the Multidrug data where LNF was
better than Dirichlet. This showcases that priors that exert more shrinkage on complex,
high-dimensional datasets can be beneficial in terms of predictive performance.

4 Discussion

We introduced the Generalized Decomposition R2 prior framework for high-dimensional
Bayesian regression, building on and extending the R2D2 prior (Zhang et al., 2020;
Aguilar and Biirkner, 2023). Our key innovation lies in allowing to vary the prior used
for the explained variance decomposition, enabling a more nuanced exploration of de-
pendency structures. Previous methods are confined to Dirichlet decompositions, and
thus can only express negative covariances tied to the means of the explained variance
proportions. We overcome this limitation by employing the logistic normal distribution,
facilitating the expression of covariance structures by transitioning from the simplex to
the unconstrained real space.

Our simulations and real-world case studies demonstrate substantial gains in pre-
dictive performance when using logistic normal priors for the proportions of explained
variance. The flexible dependency structures encoded in the logistic normal allow for a
broader range of prior assumptions compared to the Dirichlet distribution. Specifically,
we show that use of logistic normal based decompositions leads to superior out-of-
sample predictive performance compared to the use of Dirichlet counterparts. In terms
of parameter recovery, the Logistic normal prior models showed on par and superior
performance compared to Dirichlet in most scenarios.

Our primary goal was to build well-predicting models, using the full set of available
covariates and strong shrinkage on the corresponding coefficients. That said, as is the
case for continuous shrinkage priors more generally, they do not create exact sparsity
directly. Rather, redundant coefficients are shrunk to values close to zero, but not to
zero exactly. As a result, predictive capabilities are not necessarily directly visible in
few nonzero coefficients but rather implicitly distributed also among the almost zero
coefficients, at least in high-dimensional settings (Piironen and Vehtari, 2017). In other
words, we argue that our models (and other continuous shrinkage priors models) should
not be used directly for variable selection (for more details and discussion see Piironen
et al. (2020); Zhang and Bondell (2018); Tadesse and Vannucci (2021)). Rather, we rec-
ommend a two-step procedure where, after fitting a well predicting reference model with
all covariates in the first step, we apply a separate, dedicated variable selection proce-
dure in the second step, for example, projection predictive variable selection (Piironen
et al., 2020; Catalina et al., 2020; McLatchie et al., 2023).

In future research, one important direction will be to study the influence and optimal
choice of the logistic normal hyperparameters in more detail. While the hyperparame-
ter choices proposed here already showed strongly improved performance compared to
Dirichlet, it is still unclear how much room for improvement remains within the class
of logistic normal decomposition priors. One promising direction we see in this context
is the inclusion of covariate grouping or covariate dependency information in the prior
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(Boss et al., 2023). But exactly how this information should be encoded, and if its
inclusion is actually beneficial for the prior’s performance, remains to be studied.
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