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One factorial design with three levels computaionlsttistics

» One-factorial design with one three-level
factor and a continuous dependent
variable

» Levels:

» control

» treatment 1

» treatment 2 DV
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One factorial design with three levels computaionlsttistics

» One-factorial design with one three-level
factor and a continuous dependent
variable

» Levels:

> control (Bo, b1, B2,0) ~ 7
» treatment 1

» treatment 2 DV

Ui = Bo + P1x1; + Baxy;

y; ~ Normal(y;, o )

Crt Trt 1 Trt 2
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Translate expert beliefs into corresponding priors computotionasatits

DV

Crt Trt 1 Trt 2

(:80' :81' :8270-) ~ ? @
Ui = Bo + B1x1,i + B2xz;

y; ~ Normal(y;, 0 )
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The problem is actually not new dortmund
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Translate expert beliefs into corresponding priors computotionasatits
. Q
» Traditionally, focus on parameter space ¢@» AN (see Mikkola et al., 2024 for comprehensive
o= Bo review)
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7 03 ‘ : : : : university
Translate expert beliefs into corresponding priors computatonasatstics
U
» Traditionally, focus on parameter space (see Mikkola et al., 2024 for comprehensive
T Bo review)
» Recently, focus on prior predictive 6 (e.g., da Silva et al., 2019; Hartmann et al.,
distribution (observable space) & - 2020; Manderson & Goudie, 2023;
) Bo Perepolkin et al., 2024)
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The problem is actually not new

dortmund
7 03 ‘ : : : : university
Translate expert beliefs into corresponding priors computationaisatsts
U
» Traditionally, focus on parameter space (see Mikkola et al., 2024 for comprehensive
o= Bo review)
» Recently, focus on prior predictive 6 (e.g., da Silva et al., 2019; Hartmann et al.,
distribution (observable space) & _’ 2020; Manderson & Goudie, 2023;

Bo Perepolkin et al., 2024)

» Focus on parameter space, observable
space, and derived quantities

Bockting, Radev, & Burkner (2023)
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Revisited: Motivation dortmund
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One factorial design with three levels computaionlsttistics

» One-factorial design with one three-level oy
factor and a continuous dependent
y 00, y 01, ,09, A, — 7
variable (Lo, 00, U1, 01, Uz, 02, @, B)
» Levels: Bo ~ Normal(y, 0;)

p1 ~ Normal(yiy, 01)

B2 ~ Normal(i1,, 0;)
— o ~ Gamma(x, )

» control

» treatment 1
» treatment 2 DV

Ui = Po + B1x1; + Baxy

y; ~ Normal(y;, 0 )

Crt Trt 1 Trt 2
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Bockting, Radev, & BlUrkner (2023) computtonastaisics
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Revisited (once more): Motivation dortmund

# 01 ‘ : : : university
One factorial design with three levels computaionlsttistics

» One-factorial design with one three-level
factor and a continuous dependent
variable

» Levels:

» control

» treatment 1

R (:80' b1, ﬂZ)O-) ~ pl()

» treatment 2 DV

Ui = Po + Bix1; + Baxy

y; ~ Normal(y;, o )
Crt Trt 1 Trt 2
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... what we are doing o
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Bockting, Radev, & Burkner (2024, in preparation) computationlsttistic
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Advantages Of |earn|ng a_ JOlnt prlor computational statistics

v analytic joint prior density for follow-up

. Learned via
inference ¢~ Normalizing Flows
(.80' B1,B2,0) ~ pxl()
¥ arbitrarily complex joint prior / marginals
(prevent misspecifications in model building) Ui = By + Brx1; + Baxa

v allows for correlation between model y; ~ Normal(y;, o )
parameters
(increase modelling flexibility)
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Example Revisited: Generate synthetic data computtionaisaisis

Generative model
(assume independence)
0~
(:807 :81' :82' O_) ~ p)l()
Wi = Po + P1X1,; + Paxz
y; ~ Normal(y;, o)
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A closer look dortmund
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Sample from joint prior (Normalizing Flow) computatona statstc
. base target
Generative model distribution distrirt?ft -

(assume independence)

Generative direction

(Bo B1, B2, ) ~ (") 0= g0

(in reference to Kobyzev et al., 2021)
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A closer look dortmund

7 0/ ‘ .. : . university
Sample from joint prior (Normalizing Flow) computatona statstc
. base target
Generative model distribution distrirt?ft -

(assume independence)

Generative direction

(Bo B1, B2, ) ~ (") 0= g0
u 6

g: affine coupling flow
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A closer look dortmund

7 0/ ‘ .. : . university
Sample from joint prior (Normalizing Flow) computatona statstc
. base target
Generative model distribution distrirt?ft -

(assume independence)

Generative direction

(Bo B1, B2, ) ~ (") 0= g0
u 6

g: affine coupling flow

Increase expressivity of affine coupling flows

9 =9ak O 0Ogrn
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A closer look dortmund

7 0/ ‘ .. : . university
Sample from joint prior (Normalizing Flow) computatona statstc
. base target
Generative model distribution distrifg; -

(assume independence)

Generative direction

(Bo B1, B2, ) ~ (") 0= g0
u 6

g: affine coupling flow
Increase expressivity of affine coupling flows
9= Gk OO Ggaa

Sample from target distribution

0 = ga,x ( (gal,l(u))), u~py(u)
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Sample from generator & compute elicited statistics computationastatstis

vor|

Generative model
(assume independence)

(:807 :81' :82' O_) ~ p/l()
Ui = Po + B1x1,; + Brxz;
y; ~ Normal(y;, o)

control treatment 1 treatment 2

L B3 010 -
wopz
a o 0.05 -

-25 00 25
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# 07
‘ Sample from generator & compute elicited statistics

Generative model Target quantities and elicitation techniques
(assume independence) » Group means: quantile-based
Var(u; .
> R? = YA, histogram-based
Var(y;)
(:807 :81' :82' O_) ~ PA() R?
Hy = Po + P1X1,i + Paxa, N
v, ~ Normal(u;, 0)
0 1
0.0 0.2 04 0& 0 1a
0a control treatment 1 treatment 2 control treatment 1 treatment 2
a 015
L 03 0.10 -
& 010 -
a0z
I 0.05 - 0.05
0a - (.00 T T 0.00 T
=25 00 25 o 10 25 50 75 0 10
=(5)
Ygr
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A closer look dortmund
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Compute discrepancy & update weights of NF S

» Compute loss based on simulated data and expert expectations

L(A) =a,l,q (qﬁi)t , CIcrt) + ayL, (qﬁiil ) Qtrt1) + a3l (CI;S«%Z ) qtrtz) + a,L,(R*™), R?)
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A closer look dortmund

7 08 ‘ : . university
Compute discrepancy & update weights of NF S

» Compute loss based on simulated data and expert expectations

L(A) =a,l,q (qﬁi)t , CIcrt) + ayL, (qgf%l ) Cltrt1) + a3l (CIS«%Z ) qtrtz) + a,L,(R*™), R?)

» Compute gradient of loss w.r.t. 4 and adjust 4 in the opposite direction of the gradient
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A closer look

- ‘ Compute discrepancy & update weights of NF

» Compute loss based on simulated data and expert expectations

LA) = ayL4 (qﬁr)t : CIcrt) + a,L, (qgril , CItrt1) + asls (qé%z ) qtrtz) + ayL,(R*®), R?)

» Compute gradient of loss w.r.t. 4 and adjust 4 in the opposite direction of the gradient

Aer—6 Z o, 2l a -
marginal std. dev.

» Repeat until max. number of epochs
total loss marginal means
=m(Bo)m(B1)=m(B2)=-m(Bs) =sd(Bo)=sd(B1)=sd(B2)-sd(B3)

update(Ato) —» At 504
100 2.5 —: _____
: 0.0 +

update(Atmax-1 ) 5 Afmax ,
0 500 1000
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Faithfulness: Learned vs. true elicited statistics

Generative model
(assume independence)

(:807 :81' :82' O_) ~ p/l()
Ui = Bo + B1x1,; + B2x2;
Vi~ Normal(:uir U)

0.2 -

Ground truth

l=armed

fo ~ Normal(0.,0.1)
1 ~ SkewNormal(1.5,0.3,6.)
B, ~ SkewNormal(1.5,0.8,6.)
o ~ Gamma(2.,2.)

MATHPSYCH, 22 July 2024

0.0 -

o Var(u;),
~ Var(yy)'

» Group means: quantile-based

histogram-based

computational statistics

Target quantities and elicitation techniques

control treatment 1 treatment 2 R?
L ) J
;" o * ,J" 41 tearned
. 4 - o J.a'“" B fruth
o K 1
;.-‘ 3 - & ’_,.""# e
> ~ k4
..I"r 2 T F" J"’
T T T ! T T ! T T D h
—0.100 01 25 5.0 5 10 0.0 0.5 14
true } l
quantile-based histogram
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Generative model
(assume independence)

Bo B1 o
(:807 :81' :82' O_) ~ pxl() /\ x* %
Wi = Bo + Bix1i + Xz AN £ N i
y; ~ Normal(y;, o) orr- N -
0.05 A .
. ) , x %z
S G~
Ground truth e
corr: corr: corr: ‘ A - learned
-0.05 -0.08 0.05 / _

fo ~ Normal(0.,0.1)
1 ~ SkewNormal(1.5,0.3,6.)
B, ~ SkewNormal(1.5,0.8,6.)
o ~ Gamma(2.,2.)
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Uniqueness and Faithfulness computationastatistics
. L. . Bo B1 B> o
» 30 independent replications with 1.0 - 1.0 7 1.0 1 1.0 1
different random seed but same true S 0.5 o 0.5 - 0.5 - 0.5
o
data 0.0 - —— 0.0 1+ r 0.0 - ~ 0.0 4 .
-1 0 1 0 10 0 20 0 5
» Elicited statistics are learned accurately . |
. . . . . . . 'JU:"z— 0.5 0.1 1 254 |
» Joint prior for provided elicited statistics 8 D '
. . 0 - 0.0 - 0.0 - 0.0 —‘Mr—
1S nOt unlque -1 0 1 0 10 0 20 0 5
quant. grl quant. gr 2 guant. gr 3 hist. R2
0.5 6 7.5 90 true
b | //‘ © 10 A /,’ 50 - learned
S 0.0 - -7 y
E - : f 2 ', 2.5 -
Q 210 E : H[
05 + , - o1 oo0-
—0.10.00.1 2.5 5.0 5 10 0 1
true
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Sensitivity Analysis dortmund

7 17 ‘ : : university
Uniqueness and Faithfulness computatonal statistics
. . . . Bo B1 B o
» 30 independent replications with 1.0 1 1.0 1 1.0 1 1.0 7
different random seed but same true S 0.5 0.5 - 0.5 - 0.5
Q
data 0.0 - —— 0.0 1+ r 0.0 - ~ 0.0 4 .
-1 0 1 0 10 0 20 0 5
» Elicited statistics are learned accurately - |
. . . . . . 4. '5’2— 0.5 0.1 A 254 |
» Joint prior for provided elicited statistics 8 D '
. . 0 - 0.0 - 0.0 - 0.0 —‘Mr—
IS nOt unlque -1 0 1 0 10 0 20 0 5
Dealing with non-uniqueness: quant.grl quant.gr2  quant. gr3 hist. R2
0.5 6 . 7.5 90 true
» Elicit additional information from the 5 | o0 oy |7 teamed
€ o004 .07 - Iy |
expert 5 w . ba 51 w -
» Select one plausible joint prior ~0.5 L . - T ——1 o0 —Fﬂﬂﬂﬁ”ﬂﬂﬂk
—0.10.00.1 2.5 5.0 5 10 0 1
» Prior averaging true
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» Approaches that deal with multiple expert beliefs
» Interface to R/Stan (current implementation is in Python TensorFlow)

» Tutorial paper for practitioners (incl. ‘good’ diagnostics, default values for
minimizing tuning, standard workflow, etc.)

» Applications
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‘ Appendix

Explicit form of the target distribution by change
of variables formula

p(z) = pz(2) ;
p(6) = p(z = g(6)) det <@g(0))

Obtain samples from p(0)

0 =g (2) ~p(8) for z ~ pz(2)

Model g as affine coupling flow With inverse g~ 1:
vy =u O exp(Sl(uz)) + t;(uy) U, = (Vz — tz(v1)) ©) eXp(_Sz(v1))
vy =u; O eXp(Sz (171)) + t5(vq) Uup = (V1 — t1(u2)) ©) eXp(_S1(U2))

Input vector: u = (uq, u,) with u; = u® and u, = u@+1:P)
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