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Simulations play important and diverse roles in
statistical workflows, for example, in model specifica‑
tion, checking, validation and even directly in model
inference. Over the past decades, the application
areas and overall potential of simulations in statistical
workflows have expanded significantly, driven by the
development of new simulation‑based algorithms and
exponentially increasing computational resources. In
this paper, we examine past and current trends in the
field and offer perspectives on how simulations may
shape the future of statistical practice.
This article is part of the theme issue ‘Statistical

workflow’.

1. Introduction
Computer simulations have grantedmodern scientists in‑
clusive access to ‘would‑be’ worlds created by devices of
imaginary results [1]. These worlds can be deterministic
or random‑like [2]; they can carry new insights or span an
epistemic void [3]; they canmerely augment or altogether
redefine scientific models [4]. Simulation can be modestly
viewed as an aid to the golden path of experimentation [5]
or as a science in its own right—a science of simulation [6].
Accounts of simulation as a ‘new’ scientific method seem
to emerge at regular intervals throughout the history of
ideas, for instance, as part of the sciences of the artificial [7],
as part of a digital revolution in science [6] or as part of sim‑
ulation intelligence encompassing an artificial intelligence
(AI)‑permeated computational toolkit [8].
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Figure 1. Forward simulation and inverse inference are two central components in a statistical model of unknowns θ and ob-
servables y.

In statistics, the emergence of simulation is typically associated with the birth of Monte Carlo
(MC)methods duringWorldWar II [9], eventually leading to the publication of theMetropolis al‑
gorithm [10]. Hastings [11] and Peskun [12] later generalized theMetropolis algorithm as a family
of simulation‑based tools, namely, Markov chain Monte Carlo (MCMC), designed to mitigate the
curse of dimensionality in directMC estimation. Crucially, the inception ofMCmethods coincides
with the end of what Efron &Hastie [13] characterize as classical statistical inference and the begin‑
ning of early computer‑age methods, such as bootstrap and jackknife, that demand randomized
resampling and mechanical repetition.

These early simulation methods greatly expanded the reach of inferential statistics, as they
provided mechanical solutions to problems that were previously analytically intractable (e.g.
high‑dimensional expectations) or too cumbersome to executemanually (e.g. non‑parametric esti‑
mation via bootstrap or permutation tests). Moreover, it was not until general‑purpose computers
had shrunk considerably in size that Bayesian inference became more than ‘…a macho activity
enjoyed by those who were fluent in definite integration’ [14, p. 319]. In a way, digital simulation
fulfilled Pearson’s dream of a universal tool for carrying out statistical experiments with synthetic
coins and roulettes [15], ushering in the widespread application of both frequentist and Bayesian
paradigms.

However, we argue that Bayesian methods have gained the most from the transition to com‑
putational statistics and the rise of simulation‑based tools. Unlike frequentist approaches, which
often rely on asymptotic approximations, Bayesian methods require the evaluation of high‑
dimensional posterior distributions that are rarely analytically tractable [16]. Put simply, Bayesian
inference is hard because integration is hard. Thus, the same MCMC methods developed for ap‑
proximating energy distributions in statistical physics have proven instrumental for sampling
from conditional distributions arising in Bayesian analysis [9].

Early MCMC methods freed Bayesian analysis from the confines of conjugate models and
closed‑form posteriors, most notably through the introduction of the Gibbs sampler [17,18] and
hybrid variants [19]. However, these methods still required explicit models with tractable likeli‑
hoods. By contrast, implicit models—defined through a stochastic mechanism (e.g. a randomized
simulation) without a known distribution for computing the likelihood of their outputs [20]—
remained out of reach for Bayesian methods until the advent of approximate Bayesian compu‑
tation (ABC; [21,22]). In ABC, stochastic simulation explicitly takes on a dual role: it serves both
as an epistemic tool for solving forward problems (from unknowns to knowns) and as a compu‑
tational tool for solving inverse problems (from knowns to unknowns). Indeed, the coinage of the
term simulation‑based inference (SBI; [23]) is reflective of this role (see figure 1).

As the notion of statisticalmodel loses itswell‑defined contours in anAI‑dominated conceptual
landscape, the role of simulation in statistics becomes increasingly difficult to delineate from its
role in science in general. However, since this paper focuses on statistical workflows—iterative
processes of model building and model criticism—our discussion will centre on the versatility
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of simulating from statistical models. In particular, this means generating random draws from
model‑implied distributions, much like drawing random cards from a cleverly arranged deck.
Given this focus, we will not detail sampling algorithms that primarily rely on evaluating the
density of statistical models rather than their generative capabilities.

Among density‑based approaches, the most prominent family of algorithms is undoubtedly
MCMC [24]. MCMC has seen rapid developments in recent years, including locally adaptive
methods that can handle distributionswith complex geometries [25,26] andmethods that leverage
modern hardware for large‑scale parallelization [27,28]. Other popular families of algorithms are
sequential Monte Carlo (SMC; [29]) and importance sampling [30]. Even though these algorithms
involve simulation steps, they typically do not require direct draws from the model’s generative
distribution, but instead rely on simulating proposals or particles guided by density evaluations.

The organization of the following sections elucidates use cases for statisticalmodel simulations
throughout the key stages of a minimalist statistical workflow, namely: (i) model specification,
(ii) model verification, (iii) model inference, and (iv) model checking. We conclude with a brief
outlook on simulation intelligence and the ascent of automated statistics.

2. Model specification
In a previous work, we argued that Bayesian modelling has evolved beyond traditional
likelihood‑prior formulations to encompass complex SBI techniques, posterior approximators and
amortized learning strategies [31]. To structure this expanding landscape, we proposed the PAD
taxonomy, which categorizes Bayesian models along three fundamental axes:

— P (Probability Distribution). The probabilistic joint model (hereafter called P model) that
defines the relationships betweenmodel parameters, latent variables and observed data.

— A (Posterior Approximator). The inference algorithm used to approximate the posterior
distribution, ranging from MCMC methods to neural networks.

— D (Training Data). The observed data used to condition the model and update beliefs.

According to the PAD model taxonomy, model specification refers to defining the components of
a P model. In a Bayesian setting, this entails formulating a prior 𝜋(𝜃) and an observation model
𝜋(y ∣ 𝜃) that together determine the generative joint model 𝜋(𝜃, y). In a frequentist setting, the P
model reduces to the observation model 𝜋(y ∣ 𝜃), which is defined over a specific domain Θ∋ 𝜃.

As part of a Bayesian workflow [32], the plausibility of P models can already be visualized
and evaluated through prior predictive or prior pushforward checks [33]. The purpose of these
checks is to assess whether the generative behaviour of a P model is consistent with the avail‑
able domain expertise via simulations from the model‑implied (i.e. prior predictive) distribution,
𝜋(y) =∫𝜋(y ∣ 𝜃)𝜋(𝜃)d𝜃. Consistency with domain expertise (i.e. known knowns and known un‑
knowns) not only figures in domain‑specific Bayesian workflows [34] but can also be considered
as a crucial aspect of iterative theory building in general.

Here, once again, simulation serves as an antidote to complexity: consistency with domain ex‑
pertise may not be immediately evident from the model formulation alone, even when a model’s
specification appears beguilingly simple (see [35] for a probabilistic extension of Conway’s Game
of Life). Moreover, if the data y is high‑dimensional, the utility of consistency checks can be
challenging to assess. This is where prior pushforward checks come into play [33], following the
procedure suggested by Schad et al. [34]: (i) define a low‑dimensional, interpretable summary
statistic T(y), (ii) determine plausible value regions for the summary statistic, and (iii) simulate
model predictions to ensure the summary statistic falls within these regions1.

Finally, the simulation‑based procedure outlined above can be inverted for the purpose of prior
elicitation, which seeks solutions to the hard problem of transforming non‑probabilistic domain
knowledge into well‑defined prior distributions [36]. Accordingly, recent optimization‑based

1In a frequentist setting, the prior can be replaced with a set of plausible values for the parameters, Θplausible.
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Figure 2. Graphical illustration of the simulation-based framework for prior elicitation proposed by Bockting et al. [37]. The
process starts by identifying target quantities via the domain expert and eliciting expert statistics T̂. Model predictions are then
simulated by sampling from a parametric prior 𝜋(𝜃 ∣ 𝜆) and computing model-implied target quantities T. A loss function
L assesses the consistency between model and expert-elicited statistics and adjusts prior hyperparameters λ to minimize dis-
crepancies. The process continues until prior predictions align closely with expert knowledge.

approaches attempt to learn the consistency between expert knowledge and model predictions
by minimizing discrepancies between expert‑elicited and model‑generated summary statistics
([37,38], see also figure 2). Most recently, generative networks have been employed to infer non‑
parametric joint priors from sparse expert knowledge and synthetic data [39,40], opening new
avenues for creative utilization of model simulations.

3. Model verification
Before deploying a statisticalmodel on real data, we should first ensure that the interplay between
the probabilistic joint model P and the approximator A functions as intended in the scenarios they
were designed for, namely, when their underlying assumptions hold. In many cases, simulations
offer the only feasible means of verifying such correctness, or at least gauging in silico whether
inferences are sufficiently informative for their intended purposes.

(a) Verifying calibration
Proper uncertainty calibration is crucial for ensuring confidence in estimates and predictions from
statistical models [41,42]. Informally, we can say that the uncertainty of an approximator is well
calibrated if it captures the true amount of uncertainty in a system. Except for special cases,
accessing this true uncertainty is only ever possible with simulations. Below, we formalize the
verification process for uncertainty calibration for both Bayesian and frequentist perspectives.

(i) Bayesian calibration

In the following, we will denote an approximator of the true posterior 𝜋(𝜃 ∣ y) as q(𝜃 ∣ y). This
q(𝜃 ∣ y)may be given implicitly, for example, in the form of an MCMC algorithm or explicitly, for
example, in the form of a generative neural network. The accuracy of an approximator q(𝜃 ∣ y) is
difficult to study analytically, since the true posterior𝜋(𝜃 ∣ y) is rarely known in the first place. For‑
tunately, certain Bayesian self‑consistency properties can be used even without knowledge about
𝜋(𝜃 ∣ y). Consider, for instance, a target quantity of interest T= T(𝜃), which may be derived from
the parameters θ. This could include the parameters themselves or any pushforward quantity,
such as posterior predictions. For all target quantitiesT and all uncertainty regionsU𝛼(T(𝜃) ∣ y) ob‑
tained from𝜋(𝜃 ∣ y)with nominal coverage probability α (e.g. credible intervals based on posterior
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Figure 3. Simulation-based p-value histograms (top) and corresponding empirical cumulative distribution function (ECDF)
difference plots [46] (bottom) for three hypothetical quantities of interest. The pink areas in the ECDF difference plots indicate
95%confidence intervals under the assumptions of uniformity and thus allow for a null-hypothesis significance test of Bayesian
and frequentistmodel calibration. Left: awell-calibrated quantity. Centre: amiscalibrated quantitywith too few small p-values.
When testing for self-consistency, this indicates a positive bias in the quantity’s estimates. Right: a miscalibrated quantity with
too many extreme p-values. When testing for self-consistency, this indicates overconfident uncertainty estimates (i.e. under-
dispersion).

quantiles), we know that

𝛼 =∫ ∫𝕀(T∗ ∈U𝛼(T ∣ y))𝜋(y ∣ 𝜃∗)𝜋(𝜃∗)dyd𝜃∗, (3.1)

where 𝜃∗ ∼ 𝜋(𝜃∗) are prior draws that serve as the ground truth for the corresponding target
quantityT∗ = T(𝜃∗). In otherwords, the probability that an uncertainty regionwith coverage prob‑
ability α contains the true value must be equal to α on average over the data‑generating process.
For a univariate quantity T, we can formulate this requirement as follows: under perfect Bayesian
calibration, the posterior probability p ∶= Pr𝜋(𝜃∣y)(T≤ T∗) (i.e. the ‘Bayesian p‑value’) is uniformly
distributed between 0 and 1 [42–44]. For a good approximation q(𝜃 ∣ y) of the true posterior𝜋(𝜃 ∣ y),
the above‑mentioned property should hold within tolerable error bounds. Unfortunately, the as‑
sociated integrals in equation (3.1) are not analytic, so none of their properties can be verified
directly for q(𝜃 ∣ y). However, we can employ simulations from the underlying P model. For a
dataset y, we define

p(T∗,T(1∶M) ∣ y) ∶= 1
M

M∑

m=1
𝕀(T(m) ≤ T∗), (3.2)

where 𝜃(m) ∼ q(𝜃 ∣ y) are M draws from the approximate posterior and T(m) = T(𝜃(m)). If the pos‑
terior approximator is equal to the true posterior, the distribution of the posterior probabilities
p(T∗,T(1∶M) ∣ y)will follow a discrete uniform distribution between 0 and 1 [45].

To test this property empirically, we first sample S parameter draws from the prior, 𝜃∗(s) ∼
𝜋(𝜃∗) and subsequently S datasets y(s) ∼ 𝜋(y ∣ 𝜃∗(s)) from the likelihood. Then, we obtainM draws
𝜃(m) ∼ q(𝜃 ∣ y(s)) from the approximate posterior to compute p(s) ∶= p(T∗,T(1∶M) ∣ y(s)). Finally, we
can test the set of posterior probabilities {p(s)} for uniformity (see figure 3 for an illustration). More
powerful methods for diagnosing joint calibration are possible, including training a classifier to
learn test statistics directly from simulations [47,48] or using the model likelihood if available
[45].

These procedures for checking Bayesian calibration are collectively referred to as simulation‑
based calibration (SBC) [44,45]. Crucially, SBC requires nested simulations: in the outer loop, we
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simulate parameters 𝜃∗(s) and data y(s) from the joint model 𝜋(𝜃∗)𝜋(y ∣ 𝜃∗); in the inner loop, we
sample 𝜃(m) from the approximate posterior q(𝜃 ∣ y(s)). As a result, SBC is typically computationally
intensive, yet it remains a general method for validating approximate posteriors.

(ii) Frequentist calibration

Frequentist calibration works very similarly to Bayesian calibration, with two main differences.
First, we do not sample true parameter values from a prior, 𝜃∗ ∼ 𝜋(𝜃∗), but rather treat 𝜃∗ as fixed
at some value. Second, our target of inference is not the true posterior 𝜋(𝜃 ∣ y), but a point esti‑
mator 𝜃̂ = 𝜃̂(y) of the parameters, along with the true sampling distribution 𝜋(𝜃̂ ∣ 𝜃∗) of the point
estimator. This, in turn, implies a point estimator T̂= T(𝜃̂) for any quantity of interest T, with
a corresponding true sampling distribution 𝜋(T̂ ∣ T∗). The latter can be transformed into uncer‑
tainty regions U𝛼(T̂ ∣ y) (i.e. confidence intervals), which, under perfect frequentist calibration,
will contain the true value T∗ for α per cent of the datasets generated from 𝜋(y ∣ 𝜃∗)

𝛼 =∫ 𝕀(T∗ ∈U𝛼(T̂ ∣ y))𝜋(y ∣ 𝜃∗)dy. (3.3)

If T is univariate, we again obtain an equivalent but simpler formulation: under perfect fre‑
quentist calibration, the sampling distribution probability p ∶=ℙ𝜋(T̂∣T∗)(T̂≤ T∗) (i.e. the p‑value)
is uniformly distributed between 0 and 1 [42,49]. This enables testing the calibration of an ap‑
proximator q(T̂ ∣ T∗) of the true sampling distribution 𝜋(T̂ ∣ T∗) via simulations: sample S draws
y(s) ∼ 𝜋(y ∣ 𝜃∗), compute p(s) =ℙq(T̂∣T∗)(T̂≤ T∗) using the approximate sampling distribution and
then test the resulting set of p‑values {p(s)} for uniformity.

(iii) Power analysis

The frequentist self‑consistency of p‑values holds only if the true parameter value 𝜃∗ used for
simulating data from the likelihood 𝜋(y ∣ 𝜃∗) is the same parameter assumed in the sampling
distribution 𝜋(𝜃̂ ∣ 𝜃∗). In a null‑hypothesis significance framework (see also §4a), we consider a
sampling distribution 𝜋(𝜃̂ ∣ 𝜃0) given the parameter value 𝜃0 characterizing the null‑hypothesis.
If the 𝜃∗ assumed in the sampling process 𝜋(y ∣ 𝜃∗) is different from 𝜃0, uniformity of the p‑value
distribution is no longer expected. Instead, when 𝜃∗ represents an explicit alternative hypothesis,
the p‑value distribution measures statistical power. Simulations are the prime tool for perform‑
ing power analysis since analytical expressions of sampling distribution are often only available
for few special parameter values, usually representing the null hypothesis [50]. Simulation‑based
power analysis can also be performed in a Bayesian framework by choosing a prior 𝜋(𝜃0) within
the estimated model that differs from the prior 𝜋(𝜃∗) used in the data‑generating process.

(b) Other simulation studies
Gooduncertainty calibration is undoubtedly an important property that should ideally be verified
before entrusting the pair of probabilistic model and approximator with performing inference on
real data. However, calibration alone is often insufficient. For example, when only testing param‑
eters for calibration in a Bayesian model, T(𝜃) = 𝜃, then not only the posterior 𝜋(𝜃 ∣ y) but also the
prior 𝜋(𝜃) would pass the above‑described uniformity tests [45]. Accordingly, we have to addi‑
tionally study the sharpness of uncertainty estimators [42], which essentially indicates how small
the uncertainty regions are for any fixed α (see also [31]). Among all well‑calibrated uncertainty
estimators, we would then choose the one that is sharpest. As for calibration, sharpness is almost
always non‑analytic, so simulations are the only way to study it.

Even when not considering uncertainty at all, but just studying the accuracy of point estima‑
tors, simulations are required. We can measure the accuracy of a point estimator T̂ as the distance
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Figure 4. Illustration of a simulation-based test. In the chosen scenario, the means of the two groups are compared using a
two-sample t-test for equal variances. Two independent datasets, each consisting ofN= 40 observations,were simulated from
LogNormal(𝜇= 2, 𝜎 = 2). The null hypothesis asserts equal group means and equal variances. However, the data deviate
substantially from normality. Accordingly, even for N= 40 per group, the left plot shows that the true distribution of the test
statistics (approximated via simulations; red histogram) is clearly different from the large sample approximation assumed by
the t‐test (blue density). The right plot shows that the corresponding p-value distribution under the null hypothesis is highly
non-uniform for the large sample approximation (blue histogram). By contrast, p-values obtained via a simulation-based test
(S= 10 000) are almost perfectly uniform, with only small random error (red histogram).

D to its target T∗ averaged across the data‑generating process

D̄(T̂,T∗) ∶=∫D(T̂(y),T∗)𝜋(y ∣ 𝜃∗)dy. (3.4)

For example, when D is the squared difference, this leads to the mean squared error (m.s.e.)

m.s.e. (T̂,T∗) ∶=∫(T̂(y) − T∗)2 𝜋(y ∣ 𝜃∗)dy≈ 1
S

S∑

s=1
(T̂(y(s)) − T∗)2, (3.5)

approximated via draws y(s) ∼ 𝜋(y ∣ 𝜃∗). The same can be done for a Bayesian point estimator (e.g.
the posterior mean or median) by first sampling 𝜃∗(s) ∼ 𝜋(𝜃∗) and then y(s) ∼ 𝜋(y ∣ 𝜃∗(s)).

4. Model inference
Simulations can also be used directly for model inference [23], that is, to estimate parameters or
obtain decisions from the triple of statistical model, approximator and observed data.

(a) Hypothesis testing
Every statistical test is based on a test statistic T= T(y) that extracts the specific property of inter‑
est from the data y. For example, if the goal is to compare the location of two groups, then T(y)
could be the difference between the two group means. In addition to the test statistic itself, its
distribution 𝜋(T(y) ∣ 𝜃) implied by the likelihood 𝜋(y ∣ 𝜃) needs to be analytically tractable, at least
for some reference parameter value 𝜃0 that captures the null hypothesis (e.g. no difference).

In some cases, the sampling distribution under the null hypothesis is indeed analytic, for in‑
stance, as in t‑tests for normally distributed data, but often enough it is not. We may then appeal
to asymptotic approximations, under which the (sampling) distribution of the test statistic is a
well‑characterized distribution in the limit of an infinite number of simulations [51]. However,
the accuracy of these approximations for smaller sample sizes can be questionable (figure 4).

Simulation‑based tests provide a powerful alternative to analytic solutions or large‑sample ap‑
proximations [52,53]. They generally proceed as follows: sample S draws y(s)0 ∼ 𝜋(y ∣ 𝜃0) from the
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likelihood given 𝜃0. Then, compute the test statistic T(s)0 ∶= T(y(s)0 ) for each draw, which implies
T(s)0 ∼ 𝜋(T(y) ∣ 𝜃0). Thereby, we gain access to samples from the target distribution 𝜋(T(y) ∣ 𝜃0) sim‑
ply via predefined transformations of individual samples (see figure 4, left). Then, we compare
the test statistic value T̃ ∶= T(yobs) from the observed data yobs with the distribution of simulated
test statistic values {T(s)0 }.

Suppose we are interested in a one‑sided test for lower values of T. We would first compute
r̃=

∑S
s=1 𝕀(T

(s)
0 T̃), where 𝕀 is the indicator function. Then, we would compute the p‑value p̃ corre‑

sponding to yobs as the normalized rank p̃ ∶= r̃∕S (see figure 4, right) and the significance threshold
T𝛼 as the empirical α‑percentile of a set {T(s)0 } of simulated test statistics.

This approach is very general and can even be applied on top of Bayesian methods [54]. How‑
ever, it relies on two important prerequisites. First, we need to be able to sample efficiently from
the likelihood, so that we can choose S large enough to obtain sufficiently accurate approxima‑
tions of the p‑value. Second—and often more prohibitive—we require a suitable test statistic T(y)
that captures the effect of interest independently of potential nuisance parameters and is straight‑
forward to compute directly from the data. If T is a function of model parameter estimates, that is,
T= T(𝜃̂(y)), thenperforming simulation‑based testing becomes computationally intensive: obtain‑
ingmodel estimates for a single dataset is often already slow, and doing so S timesmay render the
entire procedure infeasible. Taken together, these challenges have thus far limited thewidespread
adoption of simulation‑based testing. Fortunately, efficiency issues can be addressed by amortized
methods, which we discuss in §4b as a special case of SBI.

(b) Parameter estimation
In parameter estimation, we construct estimators that approximate the unknown parameters of a
P model using the data in an attempt to solve the underlying inverse problem (i.e. estimating the
unknowns from the knowns). There are myriad ways to construct useful estimators. Two popular
approaches rooted in the frequentist and Bayesian frameworks, respectively, are (i) constructing
well‑calibrated confidence sets, and (ii) recovering the posterior distribution by updating the prior
𝜋(𝜃)with data. For the sake of clarity, we briefly reiterate the goals of these approaches.

Confidence sets. For any parameter vector θ and likelihood function 𝜋(y ∣ 𝜃), we are interested
in constructing a random confidence setR(y)with nominal 1 − 𝛼 coverage, such that

ℙ𝜋(y∣𝜃)(𝜃 ∈R(y))≥ 1 − 𝛼 ∀𝜃 ∈Θ. (4.1)

Posterior distributions. For a givenprior𝜋(𝜃), we are interested in updating the prior to the posterior
𝜋(𝜃 ∣ y), which incorporates all information about θ carried by the data y,

𝜋(𝜃 ∣ y) = 𝜋(y ∣ 𝜃)𝜋(𝜃)𝜋(y)−1. (4.2)

Needless to say, both problems are computationally challenging for non‑analytic models (e.g. no
closed‑form for the Bayesian posterior or unknown frequentist sampling distribution). The sit‑
uation is further aggravated by P models defined solely through a (randomized) algorithm for
generating data y from parameter configurations θ instead of explicitly assuming a parametric
data model 𝜋(y ∣ 𝜃) [20]. For such implicit models, the construction of confidence sets is challenging
not only because we cannot evaluate the likelihood but also because we need to test null hypothe‑
ses across the entire parameter space [55]. By the same token, posterior approximation is difficult
because not only does the marginal likelihood 𝜋(y) involve an intractable integral, but also the
implicit likelihood [23], rendering posterior approximation doubly intractable.

(i) Approximate Bayesian computation

Model simulations can be used to connect even intractable models to real data while remaining
true to the likelihood principle [20,23]. Arguably, the most popular approach to SBI is ABC [56].
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Figure 5. Graphical illustration of frequentist versus Bayesian approaches to SBI. (A) In frequentist SBI, a classifier is trained
on simulated data and parameters (y, 𝜃) to efficiently estimate a test statistic𝜆(y; 𝜃) (e.g. the odds function). This statistic is
used to compute critical and p-values via further simulations. An approximate confidence set for θ is constructed by inverting a
series of hypothesis tests. The coverage of this set can be diagnosed through additional simulations (adapter after [55]). (B) In
Bayesian SBI, a generative neural network is trained to estimate the posterior𝜋(𝜃 ∣ y) from simulated (y, 𝜃) pairs. The cali-
bration and sharpness of the resulting estimator can be evaluated via further simulations. Given observed data, the estimator
can rapidly sample from the approximate posterior. Further simulations can be used to evaluate the fidelity of these samples
via predictive checks or OOD detection.

The original ABC rejection sampler approximates the posterior by repeatedly proposing parame‑
ters from the prior 𝜋(𝜃) and then simulating a dataset from the data model 𝜋(y ∣ 𝜃). If the resulting
dataset is sufficiently similar to the actually observed dataset yobs, the corresponding parameter
vector is retained as a sample from the posterior; otherwise, it is rejected. More sophisticated ver‑
sions include likelihood‑freeMCMC (ABC‑MCMC; [57,58]), SMC (ABC‑SMC; [59,60]) and various
hybrid methods [61].

Despite their theoretical elegance [62], most ABCmethods share the fundamental limitation of
all non‑amortized methods: computations must be repeated from scratch each time a model is fit
to newdata. Yet, there aremany scenarios inwhichmultiplemodel refits are necessary—for exam‑
ple, when modelling multiple datasets [63], performing in silicomodel verification (§3) or aiming
for real‑time inference [64]. To address these challenges, a different way of utilizing simulations
was needed—a way to pool or ‘compile’ computations into global estimators that can produce
near‑instant results for arbitrary queries [65–67]. In hindsight, neural networks as modular and
flexibly composable universal function approximators, proved to be the ideal choice.

(ii) Amortized inference via neural networks

Amortized inference asks how to flexibly reuse inferences or estimators in order to answer nu‑
merous queries without recomputation overhead. It has been proposed as a model of human
probabilistic reasoning [65], a method for fast inversion of graphical models [68] and a means of
learning variational posteriors with neural networks [69,70]. For statistical inference with ‘white‑
box’ models, the latter idea extends to using simulations as training data for neural networks
that approximate quantities of interest, such as point estimates, test statistics or full posterior dis‑
tributions [31,71] (see also figure 5). Neural networks are particularly favourable for amortized
inference if the statistical model is sufficiently high dimensional (in data and/or parameter space),
no good handcrafted summary statistics are available and model simulations can be obtained in
reasonable time (to provide sufficient training budget).
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In a frequentist setting, simulation‑based training can be employed to amortize the computa‑
tion of arbitrary test statistics 𝜆(y; 𝜃) [55] (see also left panel of figure 5). For instance, one viable
approach is to reframe odds ratio estimation as a classification problem, in which case we can
train a neural classifier to approximate the likelihood ratio [72] or odds function [55] based on
simulations. Subsequently, we can learn a quantile regression of 𝜆(y; 𝜃) on θ that can approxi‑
mate the critical value C𝛼 for every α‑level, allowing us to construct approximate confidence sets
of the form

R̂(yobs) ∶= {𝜃 ∈Θ ∣ 𝜆(yobs; 𝜃)≥ Ĉ𝛼}. (4.3)

Finally, the empirical coverage of frequentist confidence sets for every yobs can be assessed on a
further held‑out set of simulations [55].

In amortized Bayesian inference (ABI), a generative network seeks to learn a global posterior
functional q(𝜃 ∣ y) for any observation y. Typically, the network would minimize a strictly proper
scoring rule S in expectation over the joint distribution 𝜋(𝜃, y) of the P model

L(q) ∶= 𝔼𝜋(𝜃,y)
[
S(q(⋅ ∣ y), 𝜃)

]
≈ 1
M

M∑

m=1
S(q(⋅ ∣ y(m)), 𝜃(m)), (4.4)

which would guarantee q(𝜃 ∣ y) = 𝜋(𝜃 ∣ y) under perfect convergence for large simulation budgets
M→∞ [42] and a universal density approximator q (e.g. coupling‑based normalizing flows [73]).
For instance, using the log‑score for S, we retrieve the popular maximum likelihood objective,

LMLE(q) ∶= 𝔼𝜋(𝜃,y)
[
− log q(𝜃 ∣ y)

]
. (4.5)

Evaluating equation (4.5) empirically requires generative networks q(𝜃 ∣ y) with tractable densi‑
ties, such as normalizing flows. More recently, score‑based diffusion models have entered ABI
[74–76], aimed at estimating the score of the (log) posterior density ∇𝜃 log𝜋(𝜃 ∣ y) by minimizing
a tractable re‑formulation of the weighted Fisher divergence

LSM(s) ∶= 1
2
∫

T

0
w(t)𝔼𝜋t(𝜃t,y)

[
‖s(𝜃(t); y, t) − ∇𝜃(t) log𝜋t(𝜃(t) ∣ y)‖2

]
dt, (4.6)

wherew(t) is a positive weight function, s is a neural network and 𝜋t(𝜃(t), y) is the model distribu‑
tion defined in diffusion time t. The most popular tractable version of equation (4.6) is conditional
denoising [77], but the framework includes various other ‘free‑form’ model families capable of
learning from simulations, such as flow matching [78,79].

Notably, it was not initially evident that neural networks could serve as standalone global pos‑
terior approximators. Early approaches, for example, combined neural networkswithABC [80] or
SMC [66]. Papamakarios & Murra [81, p. 3] noted that generative networks could be trained over
the entire prior predictive distribution 𝜋(y), but dismissed the approach as ‘grossly inefficient’.

However, subsequent work [82,83] showed that amortization over the prior (and even across
different priors [84]), combinedwith learnable data embeddings on the fly, is in fact a viable route
to fully Bayesian inference. These developments were fuelled by increasingly powerful neural
density estimators (e.g. coupling‑based normalizing flows [85,86]) and greater representational
capacity through algorithmic alignment [87,88]. Thus, it is now clear that amortization is not
wasteful but rather essential for efficiently generatingmodel‑based insights across fields as varied
as cognitive science [63], evolutionary dynamics [89] and astrophysics [90], among others.

Importantly, the probabilistic calibration of all amortized methods can be efficiently checked
via SBC (see §§3a and 5b), since the cost of independent posterior sampling over multiple model
simulations is amortized. Additionally, the closeness of observed data to the typical set of simu‑
lations can be assessed via out‑of‑distribution (OOD) detection in (embedded) data space [91,92].
This is particularly important since amortized posteriors estimated fromOOD data (e.g. resulting
frommodelmisspecification) tend to be biased [91], which constitutes one of themajor limitations
of these methods.
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Figure 6. Estimation methods along the Pareto front balance a trade-off between inference speed and accuracy guarantees
[95].

Amortized methods highlight a fruitful merger between scientific simulation and deep learn‑
ing. Despite their advantages in big data and likelihood‑free settings, they lack the guarantees
of gold‑standard MCMC as part of the standard Bayesian workflow [32], and their accuracy can
break down when asked to extrapolate beyond simulated data [91,93]. Recent work seeks to ad‑
dress these limitations through amortized workflows that combine ABI with MCMC [94] (figure
6) and trustworthy approaches that train on both simulated and real data [92,96–98].

5. Model checking
Model checking examines the compatibility of a statistical model with observed data after in‑
ference. This data‑conditional perspective contrasts with model verification (§3), which typically
relies on simulated data (e.g. from the prior predictive distribution). By contrast, model check‑
ing uses the observed data yobs to assess inference validity for the case of interest. Simulations
are particularly important for scaling model checking algorithms to complex, high‑dimensional
settings.

(a) Predictive checking
If the data‑generating process is formalized as a simulation program, we can generate synthetic
data replications based on the inferred parameter values. Predictive checking [99] combines pa‑
rameter estimation (inverse problem) with simulation (forward problem), thereby casting the
inference results back into the data space.

(i) Frequentist predictive checking

In the frequentist framework, predictive checking is implemented by inserting the estimated
parameter values 𝜃̂ into the data model 𝜋(y ∣ 𝜃), leading to data simulations

y′ ∼ 𝜋(y ∣ 𝜃̂). (5.1)

This process is not limited to estimates of central tendency, but it can bemirrored for other quanti‑
ties, such as quantiles or confidence interval bounds of practical interest [100]. Likewise,modellers
have great flexibility in the choice of metrics to evaluate the fit between the observed data yobs
and the simulated data replications y′: any discrepancy measure T(yobs, y′) can be used to judge
whether the data replications are satisfactory (e.g. comparing averages, variances or quantiles).
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Figure 7. Statistical modelling of global temperature data with three parameters. Based on the observed global temperature
yobs (a), Bayesian inference yields draws from the posterior distribution of the parameters θ (b). These posterior draws can be
reinserted into the simulation program (i.e. the global temperature model f ∶ 𝜃↦ y) to obtain draws from the posterior pre-
dictive distribution (c). These synthetic data replications contain uncertainty propagated from the posterior.

(ii) Bayesian (posterior) predictive checking

In the Bayesian framework, we can propagate all uncertainty from the posterior through the data
model. The result is the posterior predictive distribution, which expresses the distribution of new
data y′ while accounting for all uncertainty in the system,

𝜋(y′ ∣ yobs) =∫𝜋(y′ ∣ 𝜃, yobs)𝜋(𝜃 ∣ yobs)d𝜃. (5.2)

Concretely, we can easily draw S samples (i.e. data replications) from the posterior predictive
distribution with an ancestral sampling scheme,

𝜃(s) ∼ 𝜋(𝜃|yobs), y′(s)1 ,… , y′(s)N ∼ 𝜋(y ∣ 𝜃(s), yobs) for s= 1,… ,S, (5.3)

where each simulated dataset y′(s) = {y′(s)1 ,… , y′(s)N } contains N observations. The draws from the
posterior predictive distribution represent uncertainty‑aware replications of the observed data
(see figure 7 for an illustrative example), where all associated uncertainty is propagated through
the forward simulation process. Akin to frequentist predictive checking, any discrepancy statistic
can then be computed from the observed data and the distribution of replicated data. For exam‑
ple, onemight checkwhether the observedmaximumvalue or a certain autocorrelation is extreme
relative to the distribution of thosemetrics across the simulated replicates. If the observed data ex‑
hibit features that would be very unlikely under the posterior predictive distribution, it indicates
model misfit.

(b) Posterior simulation-based calibration
As detailed in §3a(i), SBC checks if the inference is well‑calibrated for data simulated from the
prior predictive distribution. However, after observing real data yobs, it is often more relevant to
assess the inference conditional on that specific data rather than the entire prior predictive space.
To address this, posterior SBC [101] uses the principles of SBC to validate the model’s imple‑
mentation and inference algorithm conditioned on the observed data by means of simulations. This
approach first draws S samples 𝜃′(s) ∼ 𝜋(𝜃 ∣ yobs) from the (approximate) posterior conditional on
the observed data yobs. For each posterior draw, we then simulate data replications y′(s) from the
posterior predictive distribution according to equation (5.3). Finally, for each simulated data repli‑
cation y′(s), we drawD augmented posterior samples 𝜃′′(s,1),… , 𝜃′′(s,D) conditional on the observed
data yobs and the respective data replication y′(s),

𝜃′′(s,1),… , 𝜃′′(s,D) ∼ 𝜋(𝜃 ∣ yobs, y′(s)), (5.4)
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and finally check whether the augmented posterior 𝜋(𝜃 ∣ yobs, y′) is well‑calibrated with the ‘old’
posterior 𝜋(𝜃 ∣ yobs) serving as prior. Pursuing a similar data‑driven perspective, Fazio et al. [102]
propose adding small portions of real or simulated data to improve the robustness of Bayesian
simulations, which in turn leads to increased stability for SBC and model simulations more
broadly (figure 1).

(c) Model comparison
Model comparison is an umbrella term for methods that seek to evaluate multiple competing
models M1,… ,ML ∈M in the context of observed data. Model comparison can be framed as an
extension of model checking, where instead of validating a single model in isolation with respect
to somemetric, we assessmultiple candidate models simultaneouslyusing suitablemetrics that enable
direct comparisons.

Formalizing the process of comparing models helps researchers make principled and repro‑
ducible decisions about model selection, and this process can be supported with model simula‑
tions. In the context of model comparison, simulations serve a dual purpose: first, simulations
render otherwise intractable algorithms computationally feasible (e.g. marginal likelihood esti‑
mation with neural SBI). Second, simulations constitute the core principle of model comparison
methods, such as predictive checking of multiple candidate models or meta‑uncertainty (see
below).

Within the scope of model simulations for Bayesian inference, model comparison extends the
data‑generating simulation process by explicitly encoding the statistical data‑generating model
Ml,

yobs ∼ 𝜋(y ∣ 𝜃,Ml)with 𝜃 ∼ 𝜋(𝜃 ∣Ml) andMl ∼ 𝜋(M), (5.5)

where 𝜋(M) is a discrete prior distribution over the candidate models. In prior‑based model com‑
parison, the central quantity is the marginal likelihood 𝜋(yobs ∣Ml) =∫𝜋(yobs ∣ 𝜃,Ml)𝜋(𝜃 ∣Ml)d𝜃,
which quantifies the evidence for model Ml by integrating over all parameter values. This en‑
ables the computation of Bayes factors [103] and posterior model probabilities. Since computing
the marginal likelihood requires solving a potentially high‑dimensional integral, this family of
model comparisonmethods is typically computationally infeasible for complex models. Based on
synthetic simulations from the joint model 𝜋(𝜃, y), amortized inference tackles this problem by
directly learning the evidence (aka. evidential learning [104]) or by simultaneously learning an
amortized posterior and likelihood approximator [104].

By design, prior‑based model comparison is sensitive to the choice of prior [105,106], which
often leads to issues in practical scenarios where prior specification is a hard challenge [107–111].
Differently, posterior‑based methods, such as cross‑validation (CV), estimate the expected predictive
distribution over new data, 𝔼

[
𝜋(y′ ∣ yobs,Ml)

]
[112,113]. Taken to the extreme, leave‑one‑out CV

(LOO‑CV) evaluates the predictive distribution of single held‑out observations [112]. Importantly,
amortizedmethods can perform overhead‑free LOO‑CV (or other CV schemes) in cases where es‑
tablished approximate methods (e.g. Pareto‑smoothed importance sampling; [114]) are infeasible
[115].

While less sensitive to prior specification, posterior‑basedmodel comparisonmethods lack the
consistency guarantees of marginal likelihood approaches; that is, they are not bound to recover
the true data‑generating model in the asymptotic limit of infinite data. Here again, model simu‑
lations have the potential to improve what we can learn from a limited amount of observed data:
for example, Schmitt et al. [54] developed a meta‑uncertainty framework to judge the replicability
of Bayesian model comparison by combining (i) prior‑based model comparison, (ii) frequentist
sampling distributions based on model simulations, and (iii) posterior predictive distributions
based on observed data.
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(d) Sensitivity analysis
Sensitivity analysis (aka. robustness analysis [116]) constitutes a critical step in statistical mod‑
elling that focuses on understanding how the output of a model changes in response to variations
in its inputs. These inputs can include fixed (hyper‑)parameters of the model, the specification
of prior distributions and observation models in a Bayesian setting or the choices made while
pre‑processing the data. As such, each analysis hides an iceberg of uncertainty [117], and sensitivity
analysis is a principled approach to render this uncertainty tangible. In the PAD taxonomy (see
§2), sensitivity analyses can target each of the three axes of Bayesian models: different statistical
models, varying posterior approximators and different variations of the training data.

Since the assumed data‑generating process is essentially a simulation program, simulations
also lie at the heart of sensitivity analysis. By systematically varying the inputs of an analysis
within a plausible space, then executing the simulation program and ultimately observing the re‑
sulting changes in the outputs, researchers can assess the robustness of their conclusions to these
initial variations [116]. Simulation represents the bridging element between input variations on
the one hand and inference results on the other hand. At the same time, hyperparameters in the
simulation process itself can be subject to sensitivity analyses as well, which allows for powerful
conclusions about the data‑generating process but also comes with a yet increased degree of com‑
plexity. While sensitivity analyses might seem fairly straightforward for trivial models with low
complexity, the computational demands for principled sensitivity analyses quickly become un‑
bearable for complex statistical analyses with high‑dimensional parameter spaces and involved
data pre‑processing routines.

Akin to tracing all sources of uncertainty in Bayesian analysis, keeping track of all possible
choices in sensitivity analysis resembles a Garden of Forking Paths [118,119]. Taming this combina‑
torial explosion is the key to enabling large‑scale sensitivity analyses with finite computational
resources. To this end, Kallioinen et al. [94] developed a computationally efficient approach that
uses importance sampling to estimate the effect of power‑scaling the prior and likelihood in a
Bayesian analysis. Elsemüller et al. [84] proposed sensitivity‑aware amortized Bayesian inference,
which extends the scope of amortization by encoding context information about the statistical
model. By additionally conditioning on this context information during the simulation‑based
training stage, the trained neural networks can subsequently perform near‑instant sensitivity
analyses without worrying about the associated cost of modifying model assumptions during
inference.

(e) Increasing the efficiency of simulation-based estimators
Many use cases of simulations we highlighted above apply the standard MC estimator
S−1

∑
s=1 f(𝜃

(s)) for approximating a target expectation𝔼[f(𝜃)]. However, simulation‑based estima‑
tors can become more sample‑efficient than the standard MC estimator if additional information
is available and correctly utilized. For example, in latent variable models, analytically integrat‑
ing out the latent variables (if possible) before performing predictive simulations on new data
can increase the stability of the resulting estimators [120]. As another example, ‘control vari‑
ates’ can improve the efficiency of MC estimators by leveraging the score (i.e. the gradient of
the log target density) when available [121]. More generally, if conditional expectations of the
form 𝔼[f(𝜃) ∣ T(y)] for an informative statistic T(y) are available, approximating these conditional
expectations via simulations can yield a more efficient estimator of 𝔼[f(𝜃)], a process also known
as Rao–Blackwellization (see [122] for an overview). These examples illustrate that simulation‑
based methods are not an orthogonal alternative to analytical or density‑based methods but can
also benefit from the latter provided the right type of additional information.
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6. Conclusion and outlook
In the preceding pages, we have seen that simulations are a powerful and versatile tool through‑
out all major steps of statistical workflows. In the foreseeable future, we expect the utility and use
of simulations to increase even further. In particular, amortized inference, which relies heavily on
both model simulations and continuous progress in deep learning, is likely to become a viable,
widespread alternative to established inference approaches.

Going beyond the techniques available to date, one could imagine simulation‑based training of
entire world models that are able to rapidly and semi‑automatically execute full statistical work‑
flows on real data, essentially playing the role of a statistics expert assisting the user in their
analysis. One of the key challenges for such machine‑assisted statistics is how to combine the
general expertise of the machine with the subject matter knowledge of the user. No matter how
many simulations the machine has been trained on, it would still likely miss key subject matter
knowledge about the specific real data being analysed, just as a statistics expert would not know
all the intricate details of the data.

This also highlights amore general question pertinent to all inferencemachines trained on sim‑
ulated data: how to bridge the statistical gap between simulated worlds and the real world. Put
differently, we need to learn how to formally integrate information from simulated data, real data
and subject matter knowledge into inferences that are both fast and trustworthy. Much remains
to be simulated.
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